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Abstract

A valuable extension of the single-rating regression discontinuity design (RDD) is a multiple-
rating RDD (MRRDD). To date, four main methods have been used to estimate average
treatment effects at the multiple treatment frontiers of an MRRDD: the “surface” method, the
“frontier” method, the “binding-score” method, and the “fuzzy instrumental variables” method.
This paper uses a series of simulations to evaluate the relative performance of each of these four
methods under a variety of different data-generating models. Focusing on a two-rating RDD
(2RRDD), we compare the methods in terms of their bias, precision, and mean squared error
when implemented as they most likely would be in practice — using optimal bandwidth
selection. We also apply the lessons learned from the simulations to a real-world example that
uses data from a study of an English learner reclassification policy. Overall, this paper makes
valuable contributions to the literature on MRRDDs in that it makes concrete recommendations
for choosing among MRRDD estimation methods, for implementing any chosen method using
local linear regression, and for providing accurate statistical inferences.
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1. Introduction: The Opportunities and Challenges of Multiple-
Rating Regression Discontinuity Designs

In recent years, the regression discontinuity design (RDD) has gained widespread recognition as
a quasi-experimental method that, when used correctly, can produce internally valid estimates
of causal effects of a treatment, a program, or an intervention (Cook, Shadish, and Wong, 2008;
Imbens and Lemieux, 2008b; Jacob and Lefgren, 2004; Ludwig and Miller, 2007). In a tradi-
tional RDD, subjects (e.g., students or schools) are rated according to a numeric index (e.g., a
test score, composite performance indicator, or poverty measure) and treatment assignment is
determined by whether one’s rating falls above or below an exogenously defined cut-point
value of the rating. The parameter of interest in a traditional RDD is the average treatment effect
at the cut-point, or “treatment frontier,” which represents the average effect for the subpopula-
tion of individuals whose ratings equal the cut-point value. Research on the statistical properties
of the RDD has provided theoretical justification and empirical verification of its internal
validity (Hahn, Todd, and Van Der Klaauw, 2001; Imbens and Lemieux, 2008a; Lee, 2008;
Rubin, 1977). This validity derives from the fact that an RDD can be thought of as relying on
the equivalent of a randomized controlled trial (RCT) at its cut-point (Goldberger, 1972a,
1972b; Mosteller, 1990).

RDDs have been used to estimate causal effects in a variety of contexts; for a list of
more than 75 studies in the contexts of education, labor markets, political economy, health,
crime, and more, see Lee and Lemieux (2010). Specifically in education research, recent studies
that have used a traditional RDD include those analyzing the effects of Reading First (Gamse,
Bloom, Kemple, and Jacob, 2008), Head Start (Ludwig and Miller, 2007), public college
admission policies (Kane, 2003; Niu and Tienda, 2009), and remedial education (Jacob and
Lefgren, 2004; Matsudaira, 2008).

In many interventions, however, assignment is determined by more than one rating.
Therefore, a valuable extension of the single-rating RDD is a multiple-rating RDD (MRRDD).
For example, a two-rating RDD provides the opportunity to study the effects of an education
intervention that is assigned to students based on both their reading and math scores. To date,
MRRDDs have been used to study the effects of state high school exit exam policies (e.g.,
Martorell, 2005; Ou, 2009; Papay, Murnane, and Willett, 2010; Reardon, Arshan, Atteberry,
and Kurlaender, 2010), as well as the effects of services for English learners (Robinson, 2008,
2011) and of higher education financial aid offers (Kane, 2003).

While a traditional RDD targets a single average treatment effect at a single treatment
frontier, an MRRDD has multiple treatment frontiers, which makes it possible to estimate
multiple average treatment effects (one for each frontier). These different effects are defined for



different treatment contrasts and different subpopulations. When estimating these effects,
analysts face the same well-documented challenges associated with using a single-rating RDD
(Imbens and Lemieux, 2008b), plus the additional challenge of deciding among alternative
MRRDD estimation methods.

To date, four main methods have been used to estimate average treatment effects at the
multiple treatment frontiers of an MRRDD: the “surface” method, the “frontier” method, the
“binding-score” method, and the “fuzzy instrumental variables (IV)” method.' However, the
theoretical properties of these methods are not well understood, which has presented a challenge
for applied researchers (Gill, Lockwood, Martorell, Setodji, and Booker, 2008; Jacob and
Lefgren, 2004; Kane, 2003; Martorell, 2005; Robinson, 2008; Weinbaum and Weiss, 2009).

To help researchers better understand the trade-offs among these methods, several re-
cent papers have begun to explore their statistical properties (Papay, Willett, and Murnane,
2011; Reardon and Robinson, 2012; Wong, Steiner, and Cook, 2013). These papers have made
significant contributions by demonstrating, among other things, that all four methods can
produce unbiased impact estimators under the right conditions. However, much further investi-
gation is needed to help researchers make informed choices about which MRRDD estimation
methods to use for a given data set. Guidance is also needed with respect to implementing each
estimation method in practice.

The goal of this paper is to provide such assistance. To minimize the complexity of our
presentation, we focus on the simplest type of MRRDD — a two-rating RDD (2RRDD) with a
single treatment condition. For this design, we use a series of simulations to evaluate the
performance of each of the four MRRDD estimation methods under a variety of different data-
generating models. Specifically, we evaluate the methods in terms of their relative bias, preci-
sion, and mean squared error when implemented as they most likely would be in practice —
using local linear regression, which uses data within an “optimal” bandwidth around the cut-
point that defines each frontier.” In practice, the true functional form of the relationship between
the outcome and ratings is unknown. Therefore, we consider the modifications needed to adopt

'Reardon and Robinson (2012) discuss a fifth MRRDD estimation method, which they refer to as the “dis-
tance-based” method. However, because it targets a different effect — the average treatment effect at the
intersection of the two cut-points, or the origin — we do not include the method in our investigations.

*We also examine each method’s relative precision when implemented under conditions that are theoreti-
cally ideal but unlikely to exist in practice — specifically, when the functional forms of the data-generating
models are known. We show that with correct model specification, all of the estimators are unbiased, although
their precision varies substantially due to differences in how much information about the assignment mecha-
nism and the subsample of the data they use and the complexity of their functional forms. The results of these
analyses are summarized later and presented in Appendix B.



the strategy of optimal bandwidth selection that is now used widely for single-rating RDDs
(Imbens and Lemieux, 2008a) for use with each MRRDD method.

In addition, we assess the accuracy of statistical inferences when standard methods are
used for making these inferences for each of these methods. Optimal bandwidth selection
adds uncertainty to the MRRDD estimator for each method, which is typically ignored when
making statistical inferences.’ That is, the sampling variance of the MRRDD treatment effect
estimators is generally estimated with standard ordinary least squares (OLS) or IV methods. We
explore this issue using simulations and examine the effect of accounting for the added uncer-
tainty produced on the estimated standard errors. This contribution applies to single-rating
RDDs as well.

We supplement these simulation analyses with an analysis of a 2RRDD that relies on an
existing education data set. This analysis shows how to apply the lessons learned from the
simulation study to the analysis of an actual data set.

The remainder of this paper is organized as follows. Section 2 introduces the 2RRDD
that is the focus of our analysis, describes the parameters to be estimated for this design, and
lists the conditions necessary for identifying those parameters. Section 3 presents an overview
of the four MRRDD methods as they apply to a 2RRDD design. Section 4 describes the process
used to generate the data sets that are used to assess the four methods. Section 5 describes how
the four methods were implemented as an analyst would proceed in practice, by estimating a
local linear regression from data for an optimal bandwidth around each cut-point. Section 6
presents the results of our simulations. Section 7 presents the application of lessons learned
from the simulation analyses to an existing education data set. Section 8 summarizes the main
lessons we learned about a 2RRDD and considers how these lessons generalize to other
MRRDDs.

*For example, see Papay, Murnane, and Willett (2010) and Reardon, Arshan, Atteberry, and Kurlaender
(2010). We further note that in their guide to practice on RDDs, Imbens and Lemicux (2008a) state that
standard least squares methods can be used in conjunction with local linear regression. The What Works
Clearinghouse standards for RDDs do not mention the need to incorporate the uncertainty added by bandwidth
selection into standard error estimation (Schochet et al., 2010).



2. Research Design, Parameters of Interest, and
Conditions for Identification

21 Research Design

As noted, this paper focuses on a two-rating regression discontinuity design (2RRDD),
for which subjects (e.g., students) are assigned to an intervention based on their values of two
ratings, such as a reading test score and a math test score. Our design of interest, illustrated by
Figure 1, has subjects assigned to a single treatment if they fall below an exogenous cut-point
on one or both of the two ratings. For example, students may be assigned to an after-school
program if they score below an exogenous cut-point on a math test and/or if they score below an
exogenous cut-point on a reading test.

Let R1 = rating 1 and R2 = rating 2, and let c1 = an exogenous cut-point for rating 1
and c2 = an exogenous cut-point for rating 2. The treatment assignment indicator, T, is equal to
1 if R1 < c1 and/or R2 < c2. Therefore, subjects with a combination of ratings that fall into
the upper right quadrant of Figure 1 are in the comparison group, while subjects with a combi-
nation of ratings that fall into any of the other three quadrants are in the treatment group.*

Other 2RRDDs may include two or three different treatment conditions. For example,
students who fail a math test are assigned to an after-school program in math, students who fail
a reading test are assigned to an after-school program in reading, and students who fail both
tests are assigned to both after-school programs. Such designs are not considered in this paper;
for a discussion of them, see Reardon and Robinson (2012).

2.2 Parameters of Interest

In a single-rating RDD, the main parameter of interest is the average treatment effect at
the cut-point value (c) of the single rating (R) or, equivalently, the average treatment effect at
the frontier that separates treatment and comparison group members, individuals who just
barely miss or make the threshold for treatment assignment. For this subgroup, the difference in
average outcomes among those immediately on either side of the cut-point can provide an
unbiased estimator of the average treatment effect.

*This design is the flip side of one in which subjects are assigned to an intervention if and only if they fall
below a cut-point on both of two ratings (i.e., the treatment group includes subjects with a combination of
ratings that fall into the lower left quadrant of Figure 1, and the remaining subjects are assigned to the compari-
son group). Note that this discussion generally applies to any scenario in which there is one treatment condition
and one comparison condition and in which assignment is determined by two ratings, regardless of which
quadrants are assigned to the treatment and comparison conditions.



In a two-rating RDD, there are two treatment-assignment frontiers — one for each rat-
ing. The rating 1 frontier, indicated by Fg, in Figure 1, divides the treatment and comparison
groups in the upper left and upper right quadrants. It is defined for R1 = c1 and R2 = c2. The
rating 2 frontier (Fg,) is defined for R2 = ¢2 and R1 > c1 and divides the treatment and
comparison groups in the lower right and upper right quadrants. For this design, we define
treatment-effect parameters along each of the two frontiers using the Neyman-Rubin framework
as follows.

ATF = E(Y, — Y,|R1 = c1,R2 > ¢2), and (1)
ATF = E(Y, — Y,|R2 = ¢2,R1 > c1). )

In the example with R1 as a reading test score and R2 as a math test score, Y& is the
average treatment effect at the frontier (47F) for those who pass the math test but just barely
pass or fail the reading test, and a4 " is the average treatment effect for those who pass the
reading test but just barely pass or fail the math test.’

There are other treatment-effect parameters that may be estimated in MRRDDs. One
may consider combining the frontier-specific effects (YarT and 4L’ in a 2RRDD) into a
single average treatment effect at the combined frontiers, Y47F. When the average treatment
effects at the two rating frontiers are equal, then Y41 = PATF = ATF When Y4TF # Yarr,
however, YATF is ill defined. Although it may seem that 47F can be defined as a weighted
average of YATT and Y52, Wong, Steiner, and Cook (2013) note that the weights involved
should depend on the probability distribution of the ratings near the separate frontiers, and these
weights are sensitive to the (arbitrary) choice of how the ratings are scaled. Standardizing
ratings or using rank-ordered rating scores does not solve this problem, because the a priori
validity of these scale definitions is no greater than alternative scale definitions. Consequently,
our simulations focus on Y47F only for situations in which the average treatment effect is the
same at both frontiers.

The treatment-effect parameters defined by Equations 1 and 2 represent average effects
of assignment to treatment based solely on the values of one’s ratings. Hence, they represent
average effects of the intent-to-treat (ITT) at a frontier. If not all sample members comply with
the treatment assignment determined by their rating score, so-called “fuzzy” RDD estimation
may be used to compute the average effect of receiving the treatment (rather than the average

*We can generalize these parameters to MRRDDs with more than two ratings by defining ratings
R1, ..., R] and defining an average treatment effect for the k" (such that k € (1, ...,))) frontier

ATF = E(Y, — Yy|Rk = ck,Rj = cj for all j # k).



intent-to-treat effect). For simplicity, however, we focus on estimating ‘“sharp” RDD
parameters, in which all sample members comply with their rating-based treatment assignment
(Imbens and Lemieux, 2008a).°

MRRDD models may also be used to investigate whether and how treatment effects
and ratings are related. For example, in the 2RRDD case, one may be interested in how treat-
ment effects at the rating 1 frontier covary with values of rating 2, or how treatment effects at
the rating 2 frontier covary with values of rating 1. Such heterogeneity parameters can be
examined by using interaction terms in regression models. An evaluation of how well the
methods we examine estimate such treatment-effect covariation parameters is beyond the scope
of the present paper. For a discussion see Reardon and Robinson (2012).

The fact that the parameters in an RDD are defined at rating frontiers is often seen as a
major limitation of the generalizability of RDD findings (e.g., Imbens and Lemieux, 2008a).
However, this limitation only applies to cases where treatment effects vary widely across the
target population and covary strongly with observed ratings (Bloom, 2012; Lee and Lemieux,
2010). The little empirical research that exists on this issue (which is based on the evaluation
of an employment program, not an education program) does not show much evidence of
treatment effect-rating score covariance (Black, Galdo, and Smith, 2007; Bloom, 2012; Lee and
Lemieux, 2010).

2.3 Conditions for Identification

The following conditions must be met in order for a single-rating RDD or an MRRDD
to identify an average treatment effect at a frontier. For further discussion see Wong, Steiner,
and Cook (2013), Reardon and Robinson (2012), and Papay, Willett, and Murnane (2011).

o Continuity of potential outcomes at the frontier: The functional relationships
between both mean treated and untreated outcomes (E (Y;) and E (Y;)) and
the rating that defines a frontier are continuous at the frontier.

e Discontinuity in the probability of treatment at the frontier: The probability
of treatment is continuous near the frontier on both sides, but discontinuous
at the frontier. In the case of a “sharp” RDD, the probability of treatment is 1
on one side of the frontier and 0 on the other.

5The use of the terms fuzzy and sharp to describe RDD parameters should not be confused with the name
for the MRRDD estimation method called fuzzy IV. This method can be used to estimate sharp or fuzzy
MRRDD parameters. The potential for this confusion does not exist for a single RDD design.



e Positivity, or support, at the frontier: In order to observe a discontinuity at a
frontier for an outcome of interest or for a probability of treatment, there
must be a continuous distribution of potential sample members across the
frontier.

o Independent determination of individuals’ ratings and the cut-point which
defines the frontier: The location of the cut-point values does not influence
individuals’ rating scores and individuals’ rating scores do not affect deci-
sions about where to set the cut-point values.

3. MRRDD Estimation Methods

When estimating average treatment effects at an RDD frontier, one might be inclined to select a
set of sample points that are extremely close to the frontier. That is, viewing the RDD as a
localized RCT, one might estimate a local average treatment effect as the simple difference
between mean outcomes for sample members on the treated and untreated sides of the frontier.
However, without a large number of such sample members, this estimator will be imprecise. On
the other hand, including sample members who are not close to the frontier can bias this simple
estimator.

Because it is typically necessary to use sample points that are not extremely close to a
frontier, single-rating RDD and MRRDD treatment-effect estimators must rely on modeling the
relationship between sample members’ outcomes and ratings. If the functional forms used by
these estimators are correctly specified, they will be unbiased. If the functional forms are not
correctly specified, bias can result. The challenge here is that one does not know the correct
functional forms to use.

Sharp MRRDD estimators are based on regression models of the form:
Y =f(R1;,...R,T)) + €, 3)

where R1, ...,R] € D c S, and D is the domain of observations used to estimate the model, S is
the domain of observations in the full sample, and 7 is a zero/one treatment-assignment indica-
tor (Reardon and Robinson, 2012). Baseline covariates are not necessary for identification but
can be included to improve the precision of treatment-effect estimates (Imbens and Lemieux,
2008a).

MRRDD estimators differ in terms of (1) the breadth of the domain of sample observa-
tions they use (D), (2) the nature of the function (called a “kernel”) that weights these observa-
tions, and (3) the functional form (f') used to model the relationship between sample members’



outcomes and ratings. As noted above, the choices of D and F involve a trade-off between bias
and precision. Optimizing this trade-off correctly is difficult for a single-rating RDD and even
more difficult for a MRRDD.

As noted earlier, four main methods have been used to date to estimate average treat-
ment effects from an MRRDD (Hahn, Todd, and Van Der Klaauw, 2001; Kane, 2003; Marto-
rell, 2005; Papay, Willett, and Murnane, 2011; Reardon and Robinson, 2012; Robinson, 2008,
2011; Wong, Steiner, and Cook, 2013). These methods are described in detail below.

1. The surface method: The surface method, or the multivariate method, models the
multidimensional response surface that represents the relationship between sample
members’ outcomes and ratings (Papay, Willett, and Murnane, 2011; Reardon and
Robinson, 2012; Wong, Steiner, and Cook, 2013). Hence, the functional form, f, of
this surface includes all ratings that are involved in treatment assignment, and D
covers all quadrants defined by the ratings.” Because this method models the re-
sponse surface across all quadrants, it simultaneously estimates the parameters de-
fined at each treatment frontier. In the case of a 2RRDD this implies simultaneously
estimating Y317 and PasL.

2. The frontier method: This method reduces the MRRDD to a single-rating RDD by
limiting the analysis to sample members whose treatment assignment is determined
by only one rating. It then uses the relationship between these sample members’
outcomes and the single rating as the basis of a standard, single-rating RDD (Jacob
and Lefgren, 2004; Kane, 2003; Reardon and Robinson, 2012; Wong, Steiner, and
Cook, 2013). For example, to estimate 41", one may restrict D to those with
R2 > c2 and fit regression models that specify outcomes as a function of R1 plus a
treatment-assignment indicator, 7.® This process can be repeated to estimate

ATF by restricting D to those with R1 > ¢1 and fitting a regression model of out-
comes on R2 and the treatment indicator. Partitioning the sample in this way may

reduce precision relative to the surface method because it restricts D.’

3. The fuzzy IV method: This method uses instrumental variables (IV) analysis in a
way that allows one to use all available sample points to estimate a treatment effect
at a single frontier by accounting for “noncompliance” caused by treatment assign-

"Technically, although the domain for this method must include some samples from all quadrants, it does
not necessarily require using all sample members.

*Note that R2 and other baseline covariates could be added to this regression to improve precision.

?As described later, the number of sample members omitted for this method and its corresponding loss of
precision depends on the location of cut-points for the ratings.



ment based on the other rating (or other ratings) (Reardon and Robinson, 2012;
Wong, Steiner, and Cook, 2013). For example, a1 (which, recall, is an ITT pa-
rameter, or a sharp RDD parameter) in a 2RRDD can be estimated by defining an
indicator variable z1 as an instrument for treatment assignment, 7, such that z1
= I(R1 < c1), and implementing IV analysis to estimate the mean effect of treat-
ment assignment based on the value of R1. This approach accounts for the fact that
treatment assignment based on rating 1 is “overridden” for some sample members
by treatment assignment based on other ratings. Thus, even though treatment as-
signment is fully determined by sample members’ ratings, compliance with treat-
ment assignment based on a single rating is incomplete.'® Compared with the fron-
tier method, this method uses more sample points. However, the added uncertainty
of instrumental variables analysis can offset the precision gain produced by its in-
creased sample size (Reardon and Robinson, 2012).

4. The binding-score method: This method, sometimes referred to as the centering
method, entails collapsing multiple ratings into a single rating and estimating an av-
erage treatment effect for the entire study sample using a single-rating RDD (Mar-
torell, 2005; Reardon and Robinson, 2012; Robinson, 2011). In Figure 1, where on-
ly the sample members who fall below the cut-point value for one or both ratings
are assigned to the treatment, the binding score is defined as the minimum value of
the two ratings. To use this approach it is necessary to center the rating scores at
their treatment assignment cut-point values. It may also be useful, though it is not
necessary, to express the two ratings in comparable units by standardizing each as a
z-score centered on its cut-point. The sample domain for the binding-score method
is not restricted and its functional form can be a complex function of the original
ratings. The major drawback of this approach is that it only provides an estimate of
the overall average treatment effect (47F); it does not provide estimates of the
frontier-specific effects (Y41F or Y4s’). Thus only when treatment effects are ho-
mogeneous across frontiers does the binding-score method yield findings that are
comparable to those provided by the other methods. Moreover, because ¥4™F has a
clear interpretation only if Y21¢ = #ar’, the binding-score method should be used

only when this assumption holds as a reasonable approximation.

The present paper compares the preceding four estimation methods using simulations
that allow us to compute the bias and variance of each estimator when applied to the same data.

"In Figure 1, individuals in the lower right quadrant would be noncompliers because z1 implies that they
should not have received the treatment. This form of incomplete compliance is the “fuzziness” that is addressed
by the IV analysis for an MRRDD.



This work builds on a simulation study by Wong, Steiner, and Cook (2013), which also com-
putes the bias and variance of the four estimation methods when they are applied to the same
two-rating design. Their simulations focus on the performance of the estimation methods when
two factors are varied: (1) the complexity of the true data-generating response surface with
respect to homogeneous versus heterogeneous treatment effects, and (2) the metric and scale of
the two ratings. Wong, Steiner, and Cook (2013) vary the metric and scale of the ratings in
order to assess whether standardizing rating variables allows one to estimate 47", and demon-

strate that it does not, because, as we discuss above, Y4TF has a clear interpretation only if
ATF _ 1 ATF

R1 — ¥R2 -

We build on the work of Wong, Steiner, and Cook (2013) by varying additional factors
that a researcher would encounter in practice — the correlation between ratings, the locations of
the cut-points for the ratings, and the functional forms of the relationships between the outcome
and the ratings (i.e., quadratic versus linear). Moreover, when comparing the four methods, we
disentangle the implications of how the methods perform in theory from how they are likely to
perform when implemented in practice. In particular, we advance previous work by examining
how the optimal bandwidth selection approach used to implement the estimation methods in
practice influences statistical inferences, an important issue which has not yet been explored.

4. Our Simulations

Our simulations were based on values for R1 and R2 that were generated from a bivariate
normal distribution with a mean of 0 and a standard deviation of 1 for each rating. Simulations
were conducted for three correlations between the ratings (0.20, 0.50, and 0.90) and for three
combinations of cut-points (the 50th percentile values for both ratings, the 30th percentile
values for both ratings, and the 30th percentile value for one rating and the 70th percentile value
for the other rating). All ratings were centered around their cut-point values.

Outcomes were generated based on ratings and treatment assignment using the following four
models, which represent a pattern of increasing complexity: "'

Model 1: Yl = 04Tl + 05Rll + RZL + €; (4)
Model 2: ¥, = 0.4T; + 0.5R1;, + R2; + 2R12 + R22 + ¢; (5)
Model 3: ¥, = 0.4T; + 0.5R1; + R2; + 2R1% + R22 — 0.1T;R1, 6)

- OZTLRZL + €;

"Model 1 is similar to the simplest model used by Wong, Steiner, and Cook (2013).
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Model 4: Y; = 0.4T; + 0.5R1; + R2; + 2R1? + R2? — 0.1T;R1; — (7
0.2T;R2; — 0.08T;R1? — 0.08T;R2? + ¢;

where e~N(0,1).

Models 1 and 2 specify a constant treatment effect of 0.4 (the coefficient on the treat-
ment indicator, T;) at both frontiers (W4T T = ast = 1ATF = 0.4). Note that Model 1 is linear
in the ratings whereas Model 2 is quadratic in the ratings. Also note that the relative magnitudes
of the coefficients on the quadratic terms in Model 2 produce substantial curvature, which in
turn provides a substantial challenge for the estimation methods being examined.

Models 3 and 4 specify heterogeneous treatment effects that depend on the values of the

ratings (Model 3 is linear in the ratings, and Model 4 is highly nonlinear). The values of
ATF and 42" are not the same for the data generated by these models. In addition, these
values cannot readily be computed from the model coefficients because the joint density
distribution of rating scores is not uniform along the frontiers. Consequently, the average
treatment effect must be computed by integrating the “marginal” treatment effect over the

density along each frontier (see Appendix A).

The findings reported in this paper are based on 20 simulated scenarios. Holding the
cut-point percentiles at 50/50, we varied the correlations between the ratings (0.20, 0.50, and
0.90), and holding the correlation between the ratings at 0.20, we varied the cut-point percen-
tiles (50/50, 30/30, and 30/70). We did this for each of the four outcome response models
(Equations 4-7).

5. Implementation of the Four MRRDD Estimation Methods

The first goal of our simulation analysis was to evaluate the MRRDD estimation methods in
theory, or under “ideal conditions” with full information about the data-generating mechanisms.
Appendix B describes the implementation of the four methods using the known functional form
of the data generation models.

In practice under “normal operating conditions,” the functional forms of the data-generating
models are unknown. For example, the functional form of the surface response model,
f(R1,R2,T), is unknown to the analyst. Therefore, analysts are faced with the dual challenge
of choosing an estimation method and choosing the best way to implement it based on infor-
mation available from a study sample. Recall from above that all of our 2RRDD estimators
have the form

Yi = f(RliiRzifTi) + €, (8)
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where R1,R2 € D c §, such that D is the domain of observations used to estimate a model and
S is the domain of all observations in a study sample. As discussed above, the goal when
selecting a functional form, f, and domain, D, for a given estimation method is to optimize the
bias-precision trade-off. An analyst might approach making decisions about f and D in several
ways. For example, she might compare plots of data corresponding to different functional forms
for different sample domains to determine the best model fits.

Combining such a visual assessment with the computational assessment of goodness-
of-fit may guide decisions about an optimal combination of f and D. However, with this
approach, it is not possible to take uncertainty of bandwidth selection into account when making
statistical inferences. Alternatively, an analyst could take a more systematic and prespecified
approach and rely on a programmed algorithm that selects the domain, D, for a specified
functional form, f, such that f approximates the data within the chosen domain as well as
possible.'> We developed such an algorithm for three of the four MRRDD estimation methods:
the frontier method, the fuzzy IV method, and the binding-score method." For each method, we
specified a linear functional form and programmed the algorithm to choose a domain that
minimized the mean squared error of a corresponding estimator implied by the method. The
three algorithms are variants of a conventional bandwidth selection approach using leave-one-
out cross-validation that is currently employed for local linear regression models in single-rating
RDDs (e.g., Lee and Lemieux, 2010)."* A step-by-step description of each algorithm is present-
ed in Appendix D.

We estimated effects using two different linear regression models fit to the data within
the optimal bandwidth determined by each algorithm corresponding to each estimation method.
The first model specifies outcomes as a linear function of R1, T, and an interaction between R1

" Alternatively, one could jointly select an optimal D and f. For example, one candidate for fmight be a
simple linear regression; another might also include a quadratic term for the rating corresponding to the frontier
of interest; and a third might include quadratic terms for both ratings. The influence on precision of using more
complex models is mixed, as a more complex model involving more higher-order polynomial terms may lead
to precision loss unless it allows using much more data.

PWe did not implement a bandwidth selection algorithm for the surface method because of the major
challenges of doing so. First, for a 2RRDD, the surface method requires choosing an optimal two-dimensional
domain instead of a simpler one-dimensional bandwidth; and, among other complications, it is not clear what
the shape of this domain should be. Second, the leave-one-out cross-validation algorithm described by Ludwig
and Miller (2007) and Imbens and Lemieux (2008a) that we use for the other MRRDD estimation methods
requires identifying the sample points that are nearest to the frontier of interest. However, when there are
multiple frontiers, choices about the scale of each rating will affect decisions about which points are nearest to
the frontiers, making bandwidth selection sensitive to scaling choices.

"“We could have also used Imbens and Kalyanaraman’s (2009) approach for optimal bandwidth selection
(as Wong, Steiner, and Cook, 2013, do), but we chose leave-one-out cross-validation for ease of presentation
and programming and because we did not think it would change the conclusions of the analysis.
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and T, thereby allowing different slopes for R1 on the right and left sides of the frontier. The
other model adds R2 as a baseline covariate in order to improve precision with a common
coefficient on both sides of the frontier."”” Having chosen an optimal bandwidth for a linear
functional form for each of the three methods, we then used each method to estimate the
average treatment effect at the frontier for rating 1 (z.7) and at the frontier for rating 2
(WATF). This section describes the specific regression models used for each method and how

ATF was estimated for each method. To estimate 32"
This process is described in more detail below.

we reversed the roles of R1 and R2.

The frontier method. To use the frontier method to estimate g1 ¢ we first chose all

sample members for whom R2 > 0. We then selected all of the remaining sample members
who were inside the optimal bandwidth on the left or right side of the rating 1 frontier. For the
resulting subsample, we fit one of the following two models:

Y; = Bo + BiT; + B,R1; + B3R1;T; + €;, 0r )
Y; = Bo + BiT; + BoR1; + B3R, T; + B4R2;+e€;. (10)

The model in Equation 10 includes rating 2 as a covariate to improve precision of the estimator
of YATF  which is equal to 8, in both models.

The fuzzy IV method. We identified all sample members in the smaller of the optimal
bandwidths for the first-stage and reduced-form models and estimated the following models:

First-stage: T; =y, +v1(1 —21;) + y,R1; + y5(1 — z1,)R1; + ¢;, (11)
Reduced-
form: YL = ﬁO + ﬁl(l — Zli) + ﬁZRli + ﬁ3(1 —_ le‘)Rli + Ei, (12)

where z1 = 0 on the right side of the frontier and z1 = 1 on the left side of the frontier.'® To
improve precision, we also fit the following models, which add R2 as a covariate:

First-stage:  Y; =y, + v, (1 —z1;) + y,R1; + y5(1 — z1,)R1; + y,R2; + ¢;, (13)

Reduced-
fOIm: Yl :ﬁo+ﬁl(1_Z1i)+BZR11'+ﬁ3(1_Z1i)R1i+ﬁ4R2i+Ei' (14)

"*Note that this model is different from the model used to choose an optimal bandwidth, which does not
include R2 as a covariate. Also note that we constrain the coefficient for R2 to be the same on both sides of the
frontier because it is added only to improve precision; allowing its coefficient to vary would require using
numeric integration to estimate a mean treatment effect at the R1 frontier, which would greatly increase the
complexity of the analysis and is an approach that is not widely used by applied researchers.

"*Therefore, in Equations 13 and 14, (1 — z1) is the “instrument.”
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For both models (without or with the R2 covariate), we then computed the following
Wald estimator of the mean treatment effect at the frontier for rating 1:

=)

YATF (fuzzylV) = 22, (15)

<)

The binding-score method. We identified all sample members who were in the opti-
mal bandwidth and then fit the following model to data for these sample members:

Yi=Bo+ BiTi + ﬁZRBSl' + ﬁsTiRle- + €, (16)
where Rgg = min(R1, R2). The resulting value for f; is our estimate of Palf = palf =

YATF To increase precision we added the original ratings (R1 and R2) as covariates to Equa-
tion 16 and estimated the following model:

Y; = Bo + BiTi + B2Rps; + B3TiRps; + BaR1; + BsR2; + €. (17)

The resulting value for f; is our estimate of YAI T = PATF = PATF,

6. Simulation Results

Our simulation results are for four data-generating models (Equations 4-7), plus the three
correlations between R1 and R2 (0.2, 0.5, and 0.9) and the three combinations of cut-point
percentiles for R1 and R2 (50/50, 30/70, and 30/30) noted earlier. For specified combinations of
these conditions, we simulated 500 samples of size 5,000 for analyses under normal conditions
in practice without knowledge of the data-generating models, and 500 samples of size 1,000 for
analyses under the theoretical condition of full information about the data-generating models.
For each simulation, we computed the bias, variance, and mean squared error of the estimators.
We also computed the relative variance and relative mean squared error of one estimator with
respect to another estimator by taking their ratios.

Appendix B presents results for analyses that use knowledge of the underlying data-
generating models. As expected, all three estimation methods produced unbiased estimates
under all simulated scenarios. In terms of precision, the surface method is always superior to the
others. For example, the surface method is more precise than the frontier method because the
frontier method uses data for only part of a given sample whereas the surface method can use
data for the whole sample. In addition, the surface method is more precise than the fuzzy IV
method because of the added uncertainty produced by the two-stage IV estimation process.
Indeed, the fuzzy IV method was always the least precise of the methods examined. Thus even
though fuzzy IV uses data for all sample points and therefore could theoretically be more
precise than the frontier method, which uses data for only a portion of the sample points
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(Reardon and Robinson, 2012), this was never the case in our simulations. Note that Wong,
Steiner, and Cook (2013) find the same result.

Turning to results from estimation using local linear regression techniques, bandwidth
selection results are presented in Appendix D. Overall, we saw that a wide range of bandwidths
were selected for all of the data-generating models and for each of estimation methods. Howev-
er, larger bandwidths tend to be selected more frequently when the data are generated by a
linear model. This reflects the fact that a linear estimation model is the correct fit for data
produced by a linear data-generating model, even for sample points that are far away from the
cut-points for each rating. In contrast, the fuzzy IV method tends to use bandwidths that are
smaller than those used by the other two methods. Finally, very small bandwidths are rarely
selected. This suggests that moderate to large bandwidths can reasonably approximate even
highly nonlinear data-generating models.

Figures 2-5 present, for each data-generating model, visual comparisons of the bias and
variance of the effect estimators — across simulated scenarios, across estimation methods, and
across models that do not or do include the other rating as a covariate.'” Recall that the models
that do include the other rating are not fully consistent with the models used to select optimal
bandwidths. Consequently, the selected bandwidths may not be optimal for the functional form
that is used for estimation, and some bias could result. The circles in these plots indicate average
effect estimates across 500 simulated samples. The distances of these circles from the horizontal
lines illustrate the biases of the corresponding effect estimators. The vertical lines in these plots
span from the 2.75th percentile to the 97.5th percentile of the 500 effect estimates. Therefore,
the lengths of these vertical lines — the empirical confidence intervals — show the variability
of the effect estimators. Tables 1-4 present detailed summary statistics that correspond to the
results shown in Figures 2-5 when the other rating is included as a covariate in the final estima-
tion model. (Tables with results without the other rating included as a covariate are available in
Appendix E.)

When the data-generating model is linear, all estimators are unbiased. When the data-
generating model is nonlinear, we do observe bias in some cases. For example, for the frontier
method we observe a statistically significant bias in 10 percent of the cases for Models 2 and 4
when we do not include a covariate and in 65 percent of the cases when we do include a
covariate. However, these biases are typically small.

""Recall that when estimating effects at the rating 1 frontier, R2 is used as a covariate for the frontier and
fuzzy IV methods, whereas R1 and R1 are used as covariates for the binding-score method.
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For Model 2, the binding-score method yields statistically significant bias in 20 percent
of the simulated scenarios when a covariate is not included and in 40 percent of the cases when
a covariate is included, but this bias is always small. In contrast, the fuzzy IV method yields
statistically significant and substantial bias (sometimes more than 100 percent) in 45 percent of
the cases under Models 2 and 4 when a covariate is not included and in 65 percent of the cases
when a covariate is included. Thus the fuzzy IV method is prone to bias more than the other two
methods. Although we tend to see bias more often when we include a covariate, the gains in
precision produced by including the covariate usually offset the bias that it creates. Thus adding
a covariate typically reduces the mean squared error.

Tables 1-4 suggest that the relative performance of the binding-score estimator is more
robust than the frontier method; it has the lowest mean squared error for most simulated
scenarios under Models 1 and 2 (homogeneous treatment effects).'® The binding-score estimator
outperforms the frontier estimator more frequently and by a larger margin when the correlation
between the ratings is high. Conceptually, this is because a high correlation between the ratings
implies that there is often relatively little data on one side of a frontier for estimation by the
frontier method. As the correlation between ratings approaches 1, however, the binding-score
method becomes identical to a single-rating RDD, which uses all of the data for a given sample.
Finally, note that the fuzzy IV estimator is the least robust. Not only is it the most likely to
exhibit bias (and much more substantial bias), but it also has higher variances than the other
estimators, often by a substantial margin. Thus its mean squared errors are the largest by far.

Tables 1-4 also provide information about the implications for statistical inference of
our combined local linear regression/optimal bandwidth approaches.'® We address this question
by presenting two separate estimates of the variance of treatment effect estimates. The first
estimate, reported in the column labeled Var(y)), is an approximation of the true variance of
the effect estimator. We obtained this estimate by computing the variance of 1,[7,‘3{ Facross the
500 simulated samples. This variance estimate takes into account the uncertainty introduced by
optimal bandwidth selection as well as that due to actual estimation of the local linear regres-
sion. The second estimate of the variance for impact estimate, reported in the column labeled
“Mean of Estimate of (1)),” is the mean OLS or IV estimated variance from each run of 500
simulated samples. This represents the estimated variance one would get if the uncertainty due

to the bandwidth selection process were ignored.

"®Recall that we did not implement the binding-score estimator for simulations of Models 3 and 4 because
this estimator does not identify a meaningful parameter when treatment effects vary with ratings.
PThese issues apply with equal force to single-rating RDDs.
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Tables 1-4 suggest that the true variances of our impact estimators are typically larger
than their estimated values. These differences are small, however, and therefore, at least for the
range of conditions represented by our simulations, the variance estimates that do not account
for the uncertainty added by optimal bandwidth selection are typically good estimates of the
true variance of the impact estimators. We explore this issue further in our application study.

7. Application Study

This section walks through the steps needed to apply the lessons learned from the preceding
simulations to an analysis of existing data for a 2RRDD. Specifically, the section describes the
data that were used, defines the parameters, outlines the steps that were taken to estimate these
parameters, and interprets the findings.

71 Data

Data for the present analysis were used by Robinson (2011) to study the effects of
changes in status, instructional services, and educational settings that occur when students in a
large urban district were reclassified from English learner (EL) to reclassified fluent-English-
proficient (R-FEP). To be reclassified, ELs in this district must score above specified thresholds
on five standardized tests or subtests: the California English Language Development Test
(CELDT) overall, the CELDT reading, writing, and listening/speaking subtests, and the Cali-
fornia Standards Test of English Language Arts (CST ELA). ELs who exceed all five thresh-
olds become eligible for reclassification; the final decision about this determination is based on
teacher judgments and parent consultations. Robinson (2011) used binding-score RDDs with IV
estimation to study the effects of reclassification on the marginal ELs’ future academic
achievement, course taking, and school attendance.

We use the same data in order to illustrate how to apply the methods described to a real-
world data set. To do so, we first had to reduce the five assessment scores (five RDD ratings)
that are actually used to reclassify ELs to two assessment scores that can serve as the ratings for
a 2RRDD. This was accomplished by limiting our analysis sample to ELs who scored above the
threshold for three of the five assessments: the CELDT overall, the CELDT writing subtest, and
the CELDT listening/speaking subtest. This produced the largest possible analysis sample for
which eligibility for reclassification was determined solely by two assessments: the CELDT
reading subtest and the CST ELA.* This subsample constitutes the equivalent of a 2RRDD in
which ELs who pass both of the remaining assessments (the two RDD ratings) are eligible for

2"We also selected the set of grade levels that would maximize our sample size. The sample used by Rob-
inson (2011) includes elementary and high school students as well.
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reclassification (the treatment condition) and those who do not pass both of the assessments are
not eligible for reclassification (the control condition). The resulting 2RRDD has a sample of
6,102 middle-school students (sixth-, seventh-, and eighth-graders) and two ratings that deter-
mine their treatment or control status.”'

The estimated correlation between the two ratings (students’ scores on the CST ELA
and the CELDT reading subtest) is 0.39 in our sample, which is well within the range of
scenarios represented by our simulations. About 53 percent of our sample members scored
above the threshold for the CST ELA rating, and about 75 percent scored above the threshold
for the CELDT reading subtest rating, which also is well within the range of scenarios repre-
sented by our simulations. As in our simulations, we centered the values of each rating around
its cut-point, so that both cut-points equal zero, and we standardized the values of each rating by
dividing them by the standard deviation of the rating for each sample member’s grade.

7.2 Parameters

Our analyses differ in the following ways from those reported by Robinson (2011): (1)
We restrict our analyses to students passing three of the five thresholds (as noted above); (2) we
do not estimate the actual effects of reclassification, but rather estimate ITT effects of passing
the two remaining thresholds (i.e., the effect of becoming eligible for reclassification); (3) we
examine only one outcome (the CST ELA post-test); and (4) we estimate effects on students in
grades six through eight only. That is, for the purpose of illustrating estimation methods for a
2RRDD, we estimate the following:

1. The effect of just barely passing or failing the CST ELA threshold among those
who passed the CELDT reading threshold. This parameter is defined as

atr = E(Y, — Y,|CST ELA, = 0, CELDT reading, > 0), (18)

where Y; for a given student is the value of the potential outcome if she exceeds the
CST ELA threshold and Y; is the potential outcome if she does not exceed this
threshold. CST ELA and CELDT reading, are the ratings which were standard-
ized as described above.

2. The effect of just barely passing or failing the CELDT reading subtest threshold
among those who passed the CST ELA threshold. This parameter is given by

*! As in Robinson (2011), all students in our sample have three years of consecutive assessment data.
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ng‘gfmreading = E(Y; — Y,|CELDT readings = 0,CST ELAg > 0). (19)

7.3 Estimation

We approach estimation the same way we did when mimicking estimation in practice in
our simulation study — using local linear regression. Thus for each effect parameter and
estimation method, we first apply our algorithm to select an optimal bandwidth for a linear
functional form. We then estimate the effect parameter at its corresponding frontier, using data
within the selected bandwidth.*

The first step in this process is to decide which of the 2RRDD estimation methods to
use. Although our simulation study indicates that the surface estimation method has the poten-
tial to be the most precise, regardless of the correlation between ratings or the location of their
cut-points, implementing the surface method with an optimal bandwidth strategy is not feasible
at this time for the reasons that were discussed in a footnote earlier.”® Therefore, we do not
consider surface estimation for this application study.

Recall that the fuzzy RDD method performed least well in all of our simulated scenari-
os. Thus even though under full information it is theoretically possible for the fuzzy IV method
to be more precise than the frontier method (because the former method uses more data than
does the latter), we never observed this result in our simulations. Moreover, in practice, when
the functional forms of the data-generating models are not known, the fuzzy IV estimator was
frequently and substantially biased. Thus, we do not recommend using this method and do not
use it for the present application.

This leaves the frontier and binding-score methods to consider. Recall that our simula-
tions indicate that the frontier method is probably the best approach for estimating separate
treatment effects at each of two frontiers. It is relatively straightforward to implement, and the
approach works well when using local linear regression. On the other hand, the frontier method
requires a large number of sample points around both frontiers of interest. In addition, estimat-

2There are other approaches that one could use to deal with functional forms for 2RRDDs, like examining
the apparent functional form visually through plots of the data. However, the focus of this paper is on how to
select among the four basic 2RRDD estimation methods and how to implement the selected method when
using local linear regression.

SThis point of view differs from that of Papay, Willett, and Murnane (2011), who jointly select band-
widths in two dimensions that constitute a single, rectangular area bounded by selected values for rating 1 (in
one dimension) and rating 2 (in the other dimension). This approach may alter the parameter, however, because
it excludes points near one threshold that are far from the other threshold.
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ing treatment effects at each frontier separately involves testing multiple hypotheses, which can
require statistical adjustments that further erode precision.

Our simulations also indicate that whenever it is reasonable to assume that the average
program effects at the two frontiers are approximately equal to each other, the binding-score
method should be preferred over the frontier method. This is because given homogeneity of
effects across frontiers, the binding-score method had the lowest mean squared errors. However,
when treatment effects differ appreciably across frontiers, the binding-score method can only
produce a weighted average of these effects, with weights that are arbitrary (and have no
inherent meaning) because they depend on the scale or distribution of the ratings involved.
Since it is difficult to test the homogeneity of intervention effects across frontiers without
revealing the actual values of the resulting estimates (and thereby potentially biasing research-
ers’ selection of an estimation method), we recommend proceeding as follows. If a researcher
has a plausible theory about why treatment effects should be approximately homogeneous
across frontiers, she should: (1) present the theoretical rationale for expecting homogeneity; (2)
use the binding-score method to maximize precision; (3) use the frontier method to estimate a
separate treatment effect at each frontier; and (4) report both sets of estimates.

74  Implementation of the Methods

To compute effect estimates, we implemented both the frontier and binding-score
methods the same way we did in our simulation study. The only exception is that instead of
defining bandwidths as having equal width on each side of the cut-point, our algorithm allowed
for different widths on each side. We made this choice to be more flexible because plots of the
data suggested that the relationship between the outcome and the ratings varied on different
sides of the cut-points.

To compute statistical inference for the effect estimates, we implemented a nonparamet-
ric bootstrap. Recall that in our simulation study, bandwidth selection added some uncertainty
to our 2RRDD effect estimators. The added uncertainty led to small differences between the
true standard errors and standard errors estimated by OLS. However, it is possible that data-
generating distributions that differ from those we simulated could result in larger discrepancies.
The nonparametric bootstrap mimics our simulations by repeatedly sampling (with replace-
t.>* Within each bootstrap sample, for each effect parameter, we
repeated the entire estimation process (just as we did in each simulation sample), including

ment) from our applied data se

*When using the frontier estimation method, we resampled after subsetting the data. That is, we
resampled observations for which CST ELA; > 0 when estimating YAL . reading> and we resampled
observations for which CELDT reading, > 0 when estimating YA5F ;..
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optimal bandwidth selection. We used 3,000 bootstrap samples. The standard deviation of the
resulting 3,000 effect estimates approximates the standard error of each estimate, which
includes the uncertainty of bandwidth selection. We then compared this with the OLS approxi-
mation of the standard error, which does not include the uncertainty of bandwidth selection.

7.5 Results

The results from both methods are presented in Table 5. The first three columns of the
table present information about the optimal bandwidth that was selected: %bw; is the percent of
the data to the left of the frontier (with a rating value less than zero) that is included in the
bandwidth; %bw, is the percent of the data to the right of the frontier (with a rating value at or
greater than zero) that is included in the bandwidth; and Ny, is the total number of observations
in the bandwidth and thus is used for fitting the regression model for the analysis. The rest of
the columns in Table 5 present the effect estimates, the OLS estimates of the standard errors, the
bootstrap estimates of the standard errors, the 95 percent confidence intervals computed from
the OLS estimates of the standard errors, and the empirical 95 percent confidence intervals
computed from the bootstrap estimates (i.e., the 2.5th and 97.5th percentiles in the distribution
of the estimates).

When using the frontier method to estimate WYALE ¢, 4, the optimal bandwidth includes
40 percent of the data to the left of the frontier and 50 percent of the data to the right of the
frontier. This yields a sample of 2,115 students. When using the frontier method to estimate
YEEEDT reading, the optimal bandwidth includes 60 percent of the data to the left of the frontier
and 90 percent of the data to the right of the frontier. This results in a sample size of 2,788
students. Finally, when using the binding-score method to estimate 45", which is a weighted
average of WALE ¢, » and YEFLDT reading, the optimal bandwidth includes 40 percent of the data
to the left of the frontier and 60 percent of the data to the right of the frontier, resulting in a
sample size of 3,004. The binding-score method has a larger sample size because it does not

throw out any observations before bandwidth selection.

We recommend that analysts produce plots similar to those in Figure 6 to check that the
selection of the optimal bandwidths is reasonable. Each plot is similar to a typical plot for a
single-rating RDD, as both the frontier and binding-score methods reduce analyses to a single-
rating RDD. All plots represent the CST ELA post-test on the Y-axis and the rating of interest
for each analysis is on the X-axis. Rather than plotting all of the points, we have plotted the
mean outcomes in bins of size 0.1 standard deviation of the rating. The mean outcomes are
represented by the centers of the circles which are scaled to show the number of observations
within the bin. Reducing the data in this way helps the visualization of the functional form of
the outcome-rating relationship. In each plot, the vertical line drawn at X = 0 represents the
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frontier, and the lines on either side illustrate boundaries of the optimal bandwidth. In each of
these plots, we can see that the relationship between the outcome and the rating is relatively
linear within the bandwidth, while the relationship becomes less clear as we move farther away
from the frontier.

Table 5 shows that the frontier method yields Y2%F ;4 = —2.2, with an OLS standard
error of 2.2 and a bootstrap standard error of 4.4. We also find Ye£ipr reading = —1.9, with an
OLS-estimated standard error of 3.1 and a bootstrap-estimated standard error of 3.6. Also, when
using the binding-score method, we find ATF = 0.4, with an OLS-estimated standard error of

2.1 and a bootstrap-based standard error of 2.7.

For all effect estimates, the difference between the bootstrap standard error and the OLS
standard error is nonnegligible. This demonstrates that the bandwidth selection is adding
uncertainty to the effect estimates, which should be taken into account. Therefore, we recom-
mend that analysts do not rely on standard error estimates returned by statistical software.
Instead they should implement a nonparametric bootstrap procedure, as described above, to
account for all sources of uncertainty in the estimated standard errors.

Overall, the present analysis suggests that effect estimates from both methods should be
reported and discussed. Based on these results, we cannot reject the null hypothesis that average
effects are zero at both frontiers. Had the frontier method produced convincing evidence of
differential effects across the two frontiers, we probably should have disregarded or substantial-
ly downplayed results from the binding-score method. On the other hand, if we had a strong
theory for why average effects should be the same at both frontiers and if the frontier method
produced convincing evidence of similar effects, then we should also report and discuss the
binding-score effect estimate.

8. Discussion

The present paper compares the statistical properties of alternative 2RRDD estimation
methods when they target the same causal parameters — average treatment effects at frontiers
defined by a cut-point value of a single rating. Using a variety of simulated scenarios, the
paper illustrates how the different methods perform both under theoretically ideal conditions
when the true functional form of the 2RRDD model is known and, more important, under the
conditions that occur in practice when this functional form is not known. To implement the
estimation methods under these latter conditions, we use local linear regression (i.e., optimal
bandwidth selection for a linear functional form), both for our simulation studies of the
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properties of these estimators and for our application of the methods to an existing data set for
a major educational intervention.”

We find that each of the four methods has its own merits and limitations, depending on
the structure and characteristics of existing data, especially the correlation between the two
ratings and the locations of their cut-points. For example, as the correlation between the two
ratings increases, the precision advantage of the binding-score method over the frontier method
increases. Similarly, because the location of cut-points influences the proportion of sample
points omitted by the frontier method, this factor can contribute to differences in its relative
precision. Nonetheless, these factors do not affect our overall recommendations about when to
use each method.

Two of the four methods have problems that severely limit their applicability. For ex-
ample, the fuzzy IV method was found to be extremely imprecise for all of the data-generating
scenarios that were considered. Thus it seems to have little utility for real-world application. In
addition, even though the surface method is potentially the most precise, it is especially sensi-
tive to functional form misspecification. And it is not clear how to avoid the problem by
implementing the surface method using local linear regression.

The frontier and binding-score methods seem to have the best statistical properties. In
addition, because both methods reduce the multiple-rating design to one or more single-rating
RDDs, they are relatively simple to implement using conventional methods. Hence they appear
to be the most viable candidates for real-world application.

As we did in our application study, we recommend that an analyst use the frontier
method to analyze treatment effects for a 2RRDD unless there is a strong theoretical reason for
assuming that treatment effects are approximately homogeneous across frontiers. When the
theoretical case for homogeneity is strong, we recommend using both the frontier method and
the binding-score method and presenting and comparing their results.

Finally, the uncertainty of bandwidth selection contributes to the variance of MRRDD
estimators (as well as to the variance of single-rating RDD estimators). Therefore not taking this
uncertainty into account, by relying on OLS or IV estimates of standard errors, can cause one to
understate the total uncertainty that is involved and thereby inflate the likelihood of Type I
errors. To ensure that bandwidth selection uncertainty is properly accounted for, we recommend

»We do not explore alternative approaches to implementing the four methods in practice because (1) the
approach we use is effective and easy to apply and (2) our goal is to assess the relative strengths and weakness-
es of the four estimation methods when they are implemented similarly.
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a nonparametric bootstrap procedure, in which bandwidth selection is repeated for each boot-
strapped sample.

Several important issues that are specific to MRRDDs need further investigation. First,
while our simulations attempted to mimic a range of scenarios that could occur in practice, there
may be other scenarios — other combinations of data-generating distributions, correlations, and
cut-point locations — that could call for modifications to how one approaches estimation.
Second, more investigation is needed to understand sample size requirements for 2RRDDs and
higher dimension MRRDDs — not just for sufficient power but for the optimal bandwidth
selection implementation strategy to be operational and valid. Moreover, while our simulations
ensured that there were substantial data points on either side of all treatment frontiers, in many
real-world MRRDDs the distribution of the points may be far less optimal — such that the data
are sparse close to the frontier even if dense farther from the frontier. Therefore, the distribution
of data points near the frontiers needs to be taken into account when considering sample size
and power. Third, because our goal was to compare the four MRRDD estimation methods when
implemented with a common, prespecified nonparametric approach (using optimal bandwidth
selection), we did not explore the robustness of effect estimates to alternative specifications of
bandwidth selection algorithms. While alternative specifications should not affect which of the
four MRRDD estimation methods one would choose, they could influence the bias or precision
of all of the estimation methods. Finally, other parameters may be estimated from MRRDDs.
For example, researchers may be interested in estimating the effects of treatment receipt instead
of intent-to-treat, which may require an instrumental variables methodology in addition to the
methods described in the present paper. Researchers may also be interested in estimating
treatment variation parameters. Further guidance is needed to estimate these parameters.

In summary, this paper makes valuable contributions to the literature on MRRDDs in
that it makes concrete recommendations for choosing among MRRDD estimation methods, for
implementing the chosen method using local linear regression, and for providing accurate
statistical inferences. Our simulations and applied example focused entirely on 2RRDDs. As the
number of ratings increase, the number of parameters and the number of sample points needed
to estimate those parameters also increase. However, the recommendations in this paper should
still apply.
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Table 1

Simulation Results When Using Local Linear Regression,
Including Other Rating as a Covariate, Data-Generating Model 1

Mean
Estimate Relative Relative
Cuts/p Parameter Method E() Bias Var(y) of Var(y) Var® MSE MSE’
Correlation between ratings varying, cut-points held constant

Frontier  0.406 0.006 0.016 0.01T __ 1.000 0.016 1.000

wATF — 0400 FuzzyIV 0.402 0.002 0.060 0.057  3.729 0.060 3.722

p=0.20 R1 Binding  0.403 0.003 0.015 0.009  0.959 0.015  0.957
cutl =0.50

cut? = 0.50 Frontier  0.403 0.003 0.015 0.011  1.000 0.015  1.000

l/)ATF — 0400 FuzzyIV 0396 -0.004 0.078 0.053  5.233 0.078  5.230

R2 ' Binding  0.403 0.003 0.015 0.009 1.038 0.015 1.038

Frontier  0.399 -0.001 0.024 0.013 _ 1.000 0.024  1.000

wATF — 0400 FuzzyIV 0397 -0.003 0.071 0.064 2966 0.071 2.966

p=0.50 R1 Binding  0.398 -0.002 0.013 0.008  0.543 0.013  0.543
cutl =0.50

cut2 = 0.50 Frontier  0.389 -0.011 0.019 0.012  1.000 0.019  1.000

l/)ATF — 0400 FuzzyIV 0395 -0.005 0.082 0.064 4245 0.082 4.219

R2 ' Binding  0.398 -0.002 0.013 0.008  0.676 0.013  0.672

Frontier  0.392 -0.008 0.030 0.021 _ 1.000 0.030 _ 1.000

wATF — 0400 FuzzyIV 0399 -0.001 0.104 0.108  3.503 0.104  3.495

p=0.90 R1 Binding  0.401 0.001 0.016 0.008  0.546 0.016  0.545
cutl =0.50

cut2 = 0.50 Frontier  0.397 -0.003 0.031 0.021  1.000 0.031  1.000

¢ATF= 0400 FuzzyIV 0393 -0.007 0.114 0.104  3.630 0.114  3.631

R2 ' Binding  0.401 0.001 0.016 0.008 0.517 0.016 0.517

Cut-points varying, correlation between ratings held constant

ATF Frontier  0.395 -0.005 0.013 0.010  1.000 0.013  1.000

Y py = 0400 FuzzyIV 0.404 0.004 0.056 0.045 4399 0.056 4.391

p=0.20 Binding  0.402 0.002 0.011 0.008  0.881 0.011  0.879
cutl =0.30

2 =030 4 Frontier ~ 0.409 0.009 0.019 0.012  1.000 0.019  1.000

Y TF 0400 FuzzyIV 0397 -0.003 0.047 0.042  2.544 0.047 2.535

R2 Binding  0.402 0.002 0.011 0.008  0.601 0.011  0.599

AT Frontier  0.398 -0.002 0.029 0.022 _1.000 0.029  1.000

Y " =0400 FuzzylV 0413 0.013 0.820 0.388 28.565 0.820 28.567

p=0.20 R1 Binding  0.396 -0.004 0.013 0.010  0.444 0.013  0.444
cutl =0.30

U2 =070 47F Frontier  0.396 -0.004 0.016 0.011  1.000 0.016  1.000

P =0.400 FuzzyIV 0.385 -0.015 0.040 0.033 2513 0.041 2.524

R2 Binding  0.396 -0.004 0.013 0.010  0.791 0.013  0.791

NOTES: For 500 samples of size 5,000.

Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance or MSE of
the frontier estimation method.
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Simulation Results When Using Local Linear Regression,

Table 2

Including Other Rating as a Covariate, Data-Generating Model 2

Mean
Estimate Relative Relative
Cuts/p Parameter Method E(i)) Bias  Var(y) of Var(y))  Var' MSE MSE*
Correlation between ratings varying, cut-points held constant

Frontier  0.396 -0.004 0.025 0.022 1.000 0.025 1.000

wATF _ o400 FuzzyIV 0328 -0.072 ** 0.198 0.194 7.999 0204 8.204

p=0.20 R1 Binding  0.389 -0.011 0.021 0.021  0.847 0.021  0.850
cutl =0.50

cut2 = 0.50 Frontier ~ 0.411 0.011 0.031 0.027  1.000 0.031  1.000

l/JATF _ o400 FuzzyIV 0282 -0.118 ** 0.725 0.444 23.242 0.739 23.600

R2 ' Binding  0.389 -0.011 0.021 0.021  0.672 0.021 0.674

Frontier  0.417 0.017 * _ 0.024 0.023 _ 1.000 0.024  1.000

wATF _ o400 FuzzyIV 0337 -0.063 ** 0.157 0.150 6.560 0.161  6.646

p=0.50 R1 Binding  0.382 -0.018 **  0.022 0.019  0.935 0.023  0.936
cutl =0.50

cut2 = 0.50 Frontier ~ 0.396 -0.004 0.030 0.026  1.000 0.030  1.000

l/JATF _ o400 FuzzyIV 0291 -0.109 ** 0.419 0.364 13.854 0.431 14.243

R2 ' Binding  0.382 -0.018 **  0.022 0.019 0.738 0.023  0.748

Frontier  0.406 0.006 0.033 0.027 1.000 0.033 _ 1.000

lpATF _ 0400 FuzzyIV 0366 -0.034*  0.111 0.121  3.339 0.112  3.369

p=0.90 R1 Binding  0.382 -0.018 **  0.022 0.019  0.671 0.023  0.680
cutl =0.50

cut2 = 0.50 Frontier  0.424 0.024 **  0.028 0.024  1.000 0.029  1.000

¢ATF= 0400 FuzzyIV  0.380 -0.020 0.189 0.143  6.655 0.189  6.536

R2 ~ Binding  0.382 -0.018 **  0.022 0.019 0.786 0.023  0.781

Cut-points varying, correlation between ratings held constant

ATF Frontier  0.413 0.013 0.023 0.022 1.000 0.023 _ 1.000

Y gy = 0400 FuzzyIV 0374 -0.026 0.141 0.118 6.062 0.141  6.048

p=0.20 Binding  0.408 0.008 0.023 0.020  1.008 0.023  1.003
cutl = 0.30

U2 =030 4rp Frontier ~ 0.409 0.009 0.037 0.032  1.000 0.037  1.000

Y " =0400 FuzzyIV 0339 -0.061 *  0.480 0.362 12.931 0.483 13.005

R2 Binding  0.408 0.008 0.023 0.020  0.631 0.023  0.631

Frontier  0.417 0.017 0.047 0.040 1.000 0.047 1.000

¢ATF = 0400 FuzzyIV 0299 -0.101 1.460 1.254 31377 1.471 31.393

p=020 R1 Binding  0.399 -0.001 0.032 0.033  0.689 0.032  0.685
cutl = 0.30

U2 =070  arp Frontier  0.370 -0.030 **  0.033 0.030  1.000 0.034  1.000

Y =0400 FuzzyIV 0.368 -0.032 0.301 0.258  9.159 0302 8.952

R2 Binding  0.399 -0.001 0.032 0.033  0.977 0.032 0.952

NOTES: For 500 samples of size 5,000.

Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance or MSE of
the frontier estimation method.
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Simulation Results When Using Local Linear Regression,

Table 3

Including Other Rating as a Covariate, Data-Generating Model 3

Mean
Estimate Relative Relative
Cuts/p Parameter Method E(¥) Bias  Var(¥) of Var(y) Var® MSE MSE*
Correlation between ratings varying, cut-points held constant
Frontier  0.245 0.001 0.016 0.011 1.000 0.016 1.000
wATF — 0244 FuzzyIV 0254 0.011 0.061 0.052  3.695 0.061  3.701
p=0.20 R1 Binding NA NA NA NA NA NA NA
cutl =0.50
_ Frontier ~ 0.332 0.010 0.016 0.012 1.000 0.017  1.000
cut2 = 0.50
l/)ATF=0322 Fuzzy IV 0.324 0.002 0.066 0.056  4.039 0.066 4.016
R2 Binding NA NA NA NA NA NA NA
Frontier  0.264 0.002 0.020 0.020  1.000 0.020 1.000
wATF — 0262 FuzzyIV 0.258 -0.004 0.071 0.071 3.497 0.071  3.497
p=0.50 R1 Binding NA NA NA NA NA NA NA
cutl =0.50
_ Frontier ~ 0.329 -0.002 0.017 0.017 1.000 0.017  1.000
cut2 = 0.50
l/)ATF=0331 Fuzzy IV 0.345 0.014 0.077 0.077  4.508 0.077 4.519
R2 Binding NA NA NA NA NA NA NA
rontier . -0. . . . . .
Fronti 0.325 -0.006 0.026 0.020  1.000 0.026  1.000
¢ATF — 0330 FuzzyIV 0319 -0.011 0.096 0.100  3.672 0.096 3.672
p=0.90 R1 Binding NA NA NA NA NA NA NA
cutl =0.50
_ Frontier ~ 0.372 0.007 0.027 0.020  1.000 0.027  1.000
cut2 = 0.50
l/)ATF=0365 Fuzzy IV 0.357 -0.009 0.107 0.108  3.948 0.107 3.943
R2 Binding NA NA NA NA NA NA NA
Cut-points varying, correlation between ratings held constant
ATF Frontier  0.206 -0.003 0.017 0.010  1.000 0.017 1.000
Y py = 0209 FuzzyIV 0.205 -0.004 0.064 0.044  3.704 0.064 3.703
p=0.20 Binding NA NA NA NA NA NA NA
cutl =0.30
_ rontier . . . . . . .
Fronti 0.305 0.001 0.018 0.011 1.000 0.018  1.000
cut2 0.30 ATF
Y " =0304 FuzzyIV 0.295 -0.010 0.046 0.039  2.584 0.047 2.590
R2 Binding NA NA NA NA NA NA NA
AT Frontier  0.274 -0.007 0.028 0.022 1.000 0.028  1.000
Y " =0281 FuzzyIV 0341 0.059 1.442 1.160  51.472 1.446 51.496
p=0.20 R1 Binding NA NA NA NA NA NA NA
cutl =0.30 )
w2 =070  47F Frontier ~ 0.294 0.000 0.017 0.010  1.000 0.017  1.000
Y " =0294 FuzzyIV 0.297 0.003 0.050 0.036  2.865 0.050 2.866
R2 Binding NA NA NA NA NA NA NA

NOTES: For 500 samples of size 5,000.
Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance or MSE of

the frontier estimation method.
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Simulation Results When Using Local Linear Regression,

Table 4

Including Other Rating as a Covariate, Data-Generating Model 4

Mean
Estimate Relative Relative
Cuts/p Parameter Method E(i)) Bias Var()) of Var(ih) Var' MSE MSE?
Correlation between ratings varying, cut-points held constant

Frontier  0.167 0.000 0.025 0.024 1.000 0.025 1.000

lpATF —0167 FuzzyIV 0.110 -0.057 ** 0.177  0.175 7.001 0.180  7.128

p=10.20 R1 7 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier ~ 0.270 0.025 ** 0.025  0.025 1.000 0.026  1.000

‘l’ATF — 0.245 Fuzzy IV 0.183 -0.062 0.576 0.476 22.717 0.580 22.333

R2 ' Binding NA NA NA NA NA NA NA

Frontier  0.218 0.016 * 0.030 0.023  1.000 0.030 1.000

WATF Z 0202 FuzzylV 0137 -0.065** 0.182  0.148  6.125 0.186 6213

p=10.50 R1 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier ~ 0.281 0.010  0.030  0.025 1.000 0.030  1.000

‘l’ATF — 0271 Fuzzy IV 0.224 -0.047 0.537 0.379 17.965 0.539 17.972

R2 ' Binding NA NA NA NA NA NA NA

Frontier  0.336 0.021 * 0.037 0.027 1.000 0.037  1.000

ATF Z o315 FuzzyIVo 0317 0002 0113 0116  3.098 0.113  3.060

p=10.90 R1 7 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier ~ 0.355 0.005 0.035  0.026  1.000 0.035  1.000

l/JATF — 0350 Fuzzy IV 0.308 -0.042 * 0.154 0.142 4428 0.156 4476

R2 ' Binding NA NA NA NA NA NA NA

Cut-points varying, correlation between ratings held constant

ATF Frontier  0.115 0.015 * 0.025 0.021 1.000 0.025 1.000

P Rl - 0.101  FuzzyIV 0366 0.267 ** 0.111 0.121  4.408 0.182  7.162

p=10.20 Binding NA NA NA NA NA NA NA
cutl =0.30

w2 =030 4rp Frontier ~ 0.233 0.037 ** 0.036  0.029  1.000 0.037  1.000

v =0196 FuzzyIV 0380 0.184 ** 0189  0.143 5276 0223 5986

R2 Binding NA NA NA NA NA NA NA

rontier . . . . . . .

F 1 0.260 0.025 * 0.056 0.043  1.000 0.057 1.000

¢ATF=0_235 Fuzzy IV 0.366 0.131 ** 0.111 0.121 1.980 0.128 2.263

p=10.20 R1 Binding NA NA NA NA NA NA NA
cutl =0.30

w2 =070  47p Frontier ~ 0.146 -0.017 * ~ 0.036  0.030  1.000 0.036  1.000

P =0.164 FuzzyIV 0.380 0.216 ** 0.189 0.143  5.263 0.235 6.505

Rz Binding  NA NA NA NA NA NA  NA

NOTES: For 500 samples of size 5,000.
Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance or MSE of

the frontier estimation method.
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Table 5
Application Study Results

Method Parameter %bw, %bw, N,, ¥ scors seBs  Cly . Clgs
Frontier IIJATF

CST ELA 0.4 0.5 2115 -2.20 220 4.40 [-6.6,2.2] [-11.2,4.8]
Frontier szTF .

CELDT reading 0.6 09 2788 -1.90 3.10 3.60 [-7.9,2.5] [-9.3,4.7]

ATF
Binding score
g lpBS 0.4 0.6 3004 040 210 270 [-3.8,4.5] [-4.0,6.4]
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Figure 2

Simulation Results When Using Local Linear Regression, Data-Generating Model 1
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Figure 3

Simulation Results When Using Local Linear Regression, Data-Generating Model 2
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Figure 4

Simulation Results When Using Local Linear Regression, Data-Generating Model 3
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Figure 5

Simulation Results When Using Local Linear Regression, Data-Generating Model 4
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Relationship Between Outcome (CST ELA Post-Test) and Ratings
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Appendix A

Computing Average Frontier Effects
for Models 3 and 4 in Our Simulations






For Models 3 and 4 we used numerical integration to compute Y417 as a density-weighted

mean of the conditional treatment effects for the values of rating 2 along the frontier (as in
Wong, Steiner, and Cook, 2013), and we used the corresponding numerical integration to
compute Y51’ for the frontier for rating 2. In symbols:

At _ I 9(cLR2)p(c1,R2)dR2

Rl = E9
J., P(c1,R2)dR2
and
ATF _ Jor 9(R1,c2)p(R1,c2)dR1 (A.1)
R2 I p(RLc2)dRL

where g(R1,R2) is the conditional treatment-effect function (e,
g(R1,R2) = E(Y; — Yy3|R1,R2)), and p(R1, R2) is the joint density of R1 and R2. Conse-

quently values for 51" and a1’ vary across simulated scenarios.
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Appendix B

Estimation in Theory: Using Full Information






B.1 Implementation of the Four Methods Using Full Information

These analyses used the known functional form of the model that generated data for each
simulated sample and data for all simulated sample members to estimate parameters of interest.

The surface method. For the surface method we used all of the sample points for each
simulated sample to fit a regression with the functional form of the corresponding data-
generating model such that:

For Model 1:  Y; = B;T; + B,R1; + f3R2; + €. (B.1)
ForModel 2:  Y; = B,T; + B,R1; + B3R2; + B4R1% + BsR2? + ¢; . (B2)
ForModel 3:  Y; = BT; + BoR1; + BsR2; + BsTiR1; + BsT;R2; + €;. (B.3)
ForModel 4: Y, = B, T; + B,R1; + B3R2; + B4R1} + BsR2} + BsT;R1; (B.4)

+B,T;R2; + BgT;R1? + BoT;R2Z + €;.

In Models 1 and 2, the estimated treatment effects are equal to the estimated coefficient
on the treatment status variable. In Models 3 and 4, however, the treatment effects depend on
the values of R1 and R2 and differ, on average, at the two frontiers. We computed estimated
average treatment effects for these models using numeric integration as described in Appendix
Al

The frontier method. The first step in the frontier method was to partition sample
members by their status on one of the two ratings. Thus to estimate Y41 we only used observa-
tions for which R2 > ¢2, and to estimate 43 we only used observations for which R1 > c1.
We then fit the regression models that were used for the surface method, matching the function-
al form of the regression model to the known functional form of the data-generating model.
Note that all of these models include both ratings.? For Models 3 and 4, which specify hetero-
geneous treatment effects that vary as a function of R1 and R2, we again used numerical

integration after fitting our regression models, in order to obtain estimates of Y4: - and Pas’ .

The fuzzy IV method. The fuzzy IV method used all data points for each simulated
sample. We defined an instrumental variable for treatment assignment (1 — z1) based on rating

n these calculations, we used knowledge of the shape of the rating distribution (bivariate normality) and
estimated the conditional mean and conditional standard deviation of each rating from the simulated sample
data. Because the surface models are fit using the functional form that generated the data that were simulated,
these estimates used full information about functional forms.

*In theory, given the known bivariate distribution of the two correlated ratings, it is also possible to derive
the functional form for a given frontier that depends only on the rating for that frontier.
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1 such that z1 = I(R1 < 0). The correct specifications for the fuzzy IV models are provided in
Appendix C.

The binding-score method. Recall that the binding-score method only produces results
that can be compared with those produced by the other methods when treatment effects are
homogeneous (as in Models 1 and 2). In order to assess the precision of the binding score
method under ideal conditions (when the true functional form is known to the analyst) we need
to express the outcome Y as a known function of terms that involve the binding score. While in
theory it is possible to derive the true functional form of a binding-score model under full
information, it will generally not be expressible as an easily parameterized function of terms
that involve the binding score. For this reason, we did not include the binding-score method in
this part of our simulation study.

B.2 Simulation Results Under Full Information

Figures B.1 through B.4 present simulation results for analyses that use our knowledge of the
underlying data-generating models. Figure B.1 presents results for simulations under data-
generating Model 1, which is linear in R1 and R2 and has a constant treatment effect. The top
row in the figure reports distributions of estimates of 41" (the darker lines) and 42" (the
lighter lines) when varying the correlation between R1 and R2 (0.2, 0.5, and 0.9) while holding
the R1 and R2 cut-points constant at their median value. The bottom row presents distributions
of estimates of YATT and 42" when varying the locations of the cut-points while holding the

correlation between R1 and R2 at 0.20.

The bottom and top of the vertical lines for each estimation method and parameter (at
the rating 1 and rating 2 frontiers) represent the 2.5th and 97.5th percentile values of the
distribution of mean program effect estimates (Y4 and ar’) for 500 simulated samples.
The point near the middle of each vertical line is the mean value of the 500 sample estimates.
This value of E(PA17) or E(P#5" ) can be compared with the true value of the corresponding
parameter, which is indicated by the solid horizontal line (at 0.4 for all simulations under Model
1). The distance of E(P#1" ) or E(427) from the horizontal line indicates the estimated bias
for each estimator. The length of the line around these points indicates the precision of each
estimator. Corresponding findings for data-generating Models 2, 3, and 4 are reported in Figures
B.2 through B.4. More detailed findings for all simulations under full information are reported
in Tables B.1 through B.4.

The first thing to note about these findings is that all three estimation methods produced
unbiased estimates under all simulated scenarios, with only a few apparent exceptions. This is
expected given our knowledge of the correct functional forms of these models. For the surface
and frontier methods, we specify the correct functional form of the surface response model and
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the correct functional form of the rating distribution. For the fuzzy IV method, we specify the
correct functional form of the first-stage model, the correct functional form of the reduced-form
model, and the correct functional form of the rating distribution. Overall, as one looks across the
full set of findings, 6 out of 120 tests for bias are statistically significant at the p < 0.05 level.’
This is exactly the proportion (1 in 20) that should occur by chance if there were no bias.
Furthermore, when we regenerated the data with a different seed, these cases no longer demon-
strated statistically significant “bias.” Thus, there is no evidence of systematic bias in any of the
estimators under any of the data-generating scenarios.

In terms of precision, the figures indicate that the surface method is always superior to
the others that were examined. It is more precise than the frontier method because the frontier
method uses only part of a given sample whereas the surface method uses the whole sample.
The surface method is more precise than the fuzzy IV method because of the added uncertainty
produced by the two-stage IV estimation process. Indeed the fuzzy IV method was always the
least precise of the methods that were examined. Thus even though it uses all sample points and
therefore could theoretically be more precise than the frontier method (Reardon and Robinson,
2012), this was never the case in our simulation analyses.

>To test whether the estimated bias was statistically significant, we conducted a t-test across all 500 sample
estimates.
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Table B.1

Simulation Results with Full Information, Data-Generating Model 1

Relative Relative
Cuts/p Parameter Method E(¥) Bias Var(}) Var® MSE MSE*
Correlation between ratings varying, cut-points held constant
Surface  0.402 0.002 0.007 1.000 0.007 1.000
lpATF — 0400 Frontier  0.399 -0.001 0.021  2.970 0.021  2.968
p=0.20 R1 7 Fuzzy IV 0.399 -0.001 0.041 5901 0.041 5.898
cutl =0.50
_ Surface  0.402 0.002 0.007  1.000 0.007  1.000
cut2 = 0.50 \
¢ATF=0 400 [Frontier  0.398 -0.002 0.018 2.598 0.018 2.597
R2 Fuzzy IV 0.388 -0.012 0.038  5.490 0.038  5.507
Surface  0.398 -0.002 0.009 1.000 0.009 1.000
wATF — 0400 Frontier  0.401 0.001 0.022  2.345 0.022 2.344
p=10.50 R1 7 Fuzzy IV 0.409 0.009 0.047 4.979 0.047 4.985
cutl =0.50
_ Surface  0.398 -0.002 0.009  1.000 0.009  1.000
cut2 = 0.50 \
l/)ATF _ 0400 Frontier 0.393 -0.007 0.021  2.248 0.021  2.253
R2 Fuzzy IV 0.393 -0.007 0.045 4.835 0.046  4.838
Surface  0.393 -0.007 0.012 1.000 0.0I12 1.000
wATF — 0400 Frontier 0383 -0.017 *  0.026 2273 0.027 2287
p=10.90 R1 7 Fuzzy IV 0.401 0.001 0.068 5.897 0.068 5.871
cutl =0.50
_ Surface  0.393 -0.007 0.012  1.000 0.012  1.000
cut2 = 0.50 \
¢ATF=0 400 Frontier  0.398 -0.002 0.027  2.352 0.027 2.343
R2 Fuzzy IV 0432 0.032 ** 0.067 5.750 0.068 5.814
Cut-points varying, correlation between ratings held constant
ATF Surface  0.402 0.002 0.009 1.000 0.009 1.000
Y " =0400 Frontier 0.398 -0.002 0.018 1.962 0.018  1.962
p=0.20 R1 Fuzzy IV 0.394 -0.006 0.031 3.474 0.031 3.475
cutl =0.30
_ Surface  0.402 0.002 0.009  1.000 0.009  1.000
cut2 =0.30 ATF -
i TF _ 0400 Frontier  0.409 0.009 0.018 1.972 0.018 1.979
R2 Fuzzy IV 0411 0.011 0.028  3.114 0.028 3.126
Surface  0.394 -0.006 0.0I1 1.000 0.0IT  1.000
WwATF 0400 Frontier 0384 -0.016 0.042  3.940 0.043  3.948
p=10.20 R1 Fuzzy IV 0.378 -0.022 0.190 17.609 0.190 17.587
cutl =0.30
_ Surface  0.394 -0.006 0.011  1.000 0.011  1.000
cut2 =0.70 ATF ;
w* " ~ 0400 Frontier  0.400 0.000 0.015 1.387 0.015 1.381
R2 Fuzzy IV 0.400 0.000 0.023  2.110 0.023  2.102

Note: For 500 samples of size 1,000.
Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance
or MSE of the frontier estimation method.
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Table B.2

Simulation Results with Full Information, Data-Generating Model 2

Relative Relative
Cuts/p Parameter Method E(¥)  Bias Var(y) Var® MSE MSE*
Correlation between ratings varying, cut-points held constant
Surface  0.399 -0.001 0.009 1.000 0.009 1.000
¢ATF=0 400 Frontier 0399 -0.001 0.021  2.212 0.021  2.212
p=10.20 R1 7 Fuzzy IV 0.376 -0.024 0.139 14.952 0.140 15.013
cutl =0.50
_ Surface  0.399 -0.001 0.009  1.000 0.009 1.000
cut2 = 0.50 \
¢ATF=0 400 [Frontier  0.391 -0.009 0.024 2.627 0.025 2.635
R2 Fuzzy IV 0.404 0.004 0.389 41.851 0.389 41.846
Surface  0.401 0.001 0.008 1.000 0.008 1.000
wATF — 0400 Frontier ~ 0.397 -0.003 0.023  2.822 0.023  2.823
p=10.50 R1 ~ Fuzzy IV 0.399 -0.001 0.130 15.674 0.130 15.673
cutl =0.50
_ Surface  0.401 0.001 0.008  1.000 0.008  1.000
cut2 =0.50 \
l/)ATF=0400 Frontier ~ 0.393 -0.007 0.024 2932 0.024 2.938
R2 Fuzzy IV 0.394 -0.006 0.368 44.461 0.368 44.464
Surface  0.401 0.001 0.0I12Z 1.000 0.012 1.000
wATF — 0400 Frontier  0.399 -0.001 0.047  3.931 0.047 3.930
p=10.90 R1 Fuzzy IV 0.379 -0.021 0.095  8.002 0.096 8.039
cutl =0.50
_ Surface  0.401 0.001 0.012  1.000 0.012  1.000
cut2 = 0.50 \
¢ATF=0 400 Frontier 0407 0.007 0.045  3.746 0.045 3.750
R2 Fuzzy IV 0411 0.011 0.175 14.715 0.176 14.725
Cut-points varying, correlation between ratings held constant
ATF Surface  0.403 0.003 0.0I0 1.000 0.010 1.000
Y " =0400 Frontier 0.404 0.004 0.022 2.258 0.022  2.258
p=0.20 R1 Fuzzy IV 0.393 -0.007  0.099 10.138 0.099 10.136
cutl =0.30
_ Surface  0.403 0.003 0.010  1.000 0.010  1.000
cut2 =0.30 ATF -
i TF _ 0400 Frontier  0.404 0.004 0.022  2.289 0.022 2.288
R2 Fuzzy IV 0.357 -0.043 0.316 32.458 0.318 32.619
Surface  0.395 -0.005 0.0I13 1.000 0.013 1.000
WwATF _ 0400 Frontier 0396 -0.004 0063 5012 0.063  5.003
p=10.20 R1 Fuzzy IV 0.425 0.025 0.656 52.406 0.657 52.352
cutl =0.30
_ Surface  0.395 -0.005 0.013  1.000 0.013  1.000
cut2 =0.70 ATF ;
w* "~ 0400 Frontier 0402 0.002 0.019 1.524 0.019 1.521
R2 Fuzzy IV 0.393 -0.007 0216 17.226 0.216 17.196

Note: For 500 samples of size 1,000.
Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance

or MSE of the frontier estimation method.
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Table B.3

Simulation Results with Full Information, Data-Generating Model 3

Relative Relative
Cuts/p Parameter Method E({y) Bias Var(}) Var® MSE MSE’
Correlation between ratings varying, cut-points held constant

Surface  0.253 0.009 0.012 1.000 0.0I3 1.000

lpATF _ 0244 Frontier  0.248 0.005 0.022  1.756 0.022  1.745

p=0.20 R ' Fuzzy IV 0.264 0.020 0.095 7.657 0.096  7.635
cutl =0.50

cut2 = 0.50 Surface  0.338 0.017 ** 0.013 1.000 0.013  1.000

¢ATF _ 03 Frontier 0340 0.018 ** 0021  1.639 0.021 1.630

R2 Fuzzy IV 0.338 0.016 0.104 8203 0.104 8.046

Surface  0.259 -0.003 0.014 1.000 0.0I4 1.000

wATF — 0262 Frontier 0.269 0.007 0.026  1.827 0.026  1.829

p=0.50 R1 Fuzzy IV 0.259 -0.003 0.118 8389 0.118  8.385
cutl =0.50

cut2 = 0.50 Surface  0.327 -0.004 0.015 1.000 0.015 1.000

l/)ATF _ 0337 Frontier 0319 -0.012 0.027 1.803 0.027 1811

R2 Fuzzy IV 0.308 -0.023 0.115 7783 0.115  7.810

Surface  0.330 0.000 0.013 1.000 0.0I3 1.000

wATF — 0330 Frontier 0.326 -0.004 0.042 3.116 0.042 3.117

p=10.90 R1 Fuzzy IV 0.336 0.005 0.166 12.367 0.166 12.369
cutl =0.50

cut2 = 0.50 Surface  0.358 -0.007 0.012  1.000 0.012  1.000

l/)ATF _ 0356 Frontier 0353 -0.012 0.043  3.552 0.043  3.549

R2 Fuzzy IV 0.366 0.000 0.159 13.053 0.159 12.995

Cut-points varying, correlation between ratings held constant

ATF Surface  0.202 -0.007 0.0IT 1.000 0.0IT  1.000

Y " =0209 Frontier 0.200 -0.009 0.023  2.019 0.023 2.017

p=0.20 R1 Fuzzy IV 0.202 -0.007 0.073  6.418 0.073  6.394
tl =0.30

zstzzoso Surface  0.302 -0.003 0.013  1.000 0.013  1.000

T _ 0304 Frontier 0306 0.001 0.022  1.659 0.022  1.658

R2 Fuzzy IV 0.295 -0.010 0.074 5.613 0.075 5.617

Surface  0.290 0.008 0.020 1.000 0.020 1.000

WwATF 0281 Frontier 0289 0.007 0.049 2452 0.049  2.446

p=10.20 R1 Fuzzy IV 0.248 -0.033 0.473 23.613 0.474 23.586
tl =0.30

zstzzo.m Surface  0.298 0.004 0.013  1.000 0.013  1.000

W TF _ 0204 Frontier  0.299 0.005 0.015 1.173 0.015 1.174

R2 Fuzzy IV 0.307 0.013 0.056 4322 0.056 4.329

Note: For 500 samples of size 1,000.
Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance
or MSE of the frontier estimation method.
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Table B.4

Simulation Results with Full Information, Data-Generating Model 4

Relative Relative
Cuts/p Parameter Method E({y) Bias Var(}) Var® MSE MSE’
Correlation between ratings varying, cut-points held constant
Surface  0.182 0.015 * 0.020 1.000 0.021 _ 1.000
¢ATF=0167 Frontier ~ 0.182 0.015 0.037 1.822 0.038  1.812
p=10.20 R1 7 Fuzzy IV 0.183 0.016 0.497 24.273 0.497 24.012
cutl =0.50
_ Surface  0.245 0.000 0.025  1.000 0.025  1.000
cut2 = 0.50 \
l/)ATF=0245 Frontier ~ 0.245 0.000 0.042 1.709 0.042 1.709
R2 Fuzzy IV 0.306 0.061 1.475 59.501 1.479 59.649
Surface  0.191 -0.010 0.021  1.000 0.021  1.000
wATF — 0202 [Frontier  0.189 -0.012 0.048  2.306 0.048  2.302
p=10.50 R1 7 Fuzzy IV 0.168 -0.033 0.313 14.953 0.314 14.931
cutl =0.50
_ Surface  0.272 0.001 0.023  1.000 0.023  1.000
cut2 =0.50 \
szTF=oz71 Frontier ~ 0.275 0.004 0.049 2.115 0.049 2.116
R2 Fuzzy IV 0.237 -0.034 0.776 33.382 0.777 33.432
Surface  0.324 0.009 0.025 1.000 0.025 1.000
wATF — 0315 Frontier  0.339 0.024 0.084 3.299 0.084 3.310
p=0.90 R1 7 Fuzzy IV 0.324 0.009 0.249 9.829 0.249  9.800
cutl =0.50
_ Surface  0.353  0.003 0.027  1.000 0.027  1.000
cut2 = 0.50 \
l/)ATF _ 0350 Frontier  0.359 0.009 0.083  3.047 0.083  3.050
R2 Fuzzy IV 0.345 -0.005 0.450 16.523 0.450 16.519
Cut-points varying, correlation between ratings held constant
ATF Surface  0.106 0.005 0.0I8 1.000 0.018 1.000
Y " =0101 Frontier 0.100 -0.001 0.035 1.983 0.035 1.980
p=0.20 R1 Fuzzy IV 0.120 0.019 0291 16.591 0.292 16.586
cutl =0.30
_ Surface  0.196 0.000 0.018 1.000 0.018 1.000
cut2 =0.30 ATF -
T _ 0196 Frontier  0.198 0.002 0.040  2.212 0.040 2212
R2 Fuzzy IV 0.232 0.035 0.900 49.922 0.901 49.991
Surface  0.213 -0.022 * 0.041 1.000 0.041 1.000
WwATF 0235 Frontier 0222 0013 0.108 2.656 0.109  2.630
p=10.20 R1 Fuzzy IV 0.392 0.157 * 2.102 51.525 2.127 51.544
cutl =0.30
_ Surface  0.170 0.006 0.026  1.000 0.026  1.000
cut2 =0.70 ATF ;
w4~ 0163 Frontier  0.160 -0.004 0.033  1.258 0.033  1.257
R2 Fuzzy IV 0.126 -0.038 0.730 28.089 0.731 28.110

Note: For 500 samples of size 1,000.
Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance

or MSE of the frontier estimation method.
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Figure B.1

Simulation Results with Full Information, Data-Generating Model 1

Correlation between ratings varying, cut—points held constant
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Figure B.2

Simulation Results with Full Information, Data-Generating Model 2
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Figure B.3

Simulation Results with Full Information, Data-Generating Model 3
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Figure B.4

Simulation Results with Full Information, Data-Generating Model 4

Correlation between ratings varying, cut—points held constant
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Appendix C

Deriving Correct Model Specifications
for the Fuzzy IV Method






This appendix derives correct specifications for the first-stage, second-stage, and reduced-form
models used for fuzzy IV estimators in our analysis under full information.

Recall that we have two ratings, R1 and R2, that were generated from a bivariate normal
distribution, with mean 0, variance 1, and a correlation pgq g, (or simply p for short) that varies
by simulation with values equal to 0.2, 0.5, or 0.9. After defining cut-points (as percentiles in
the ratings) (c1p, c2y), we centered the ratings around the cut-points. Therefore, the means of
the ratings R1 and R2 and the actual cut-point values (c1, c2) vary by simulation. We can then
write the joint distribution of R1 and R2 as

(r)~[G2) (5 7))

Next, we define z1 = I(R1 < 0) and z2 = I(R2 < 0). Then, given our design of in-
terest, subjects are assigned to treatment if z1 = 1 or z2 = 1. Equivalently, treatment indicator
T = max(z1, z2).

For our derivations, we focus on the case in which we estimate W4, the treatment ef-

fect at the rating 1 frontier. The model specifications for estimating Y4+ can be derived the

same way.

To compute the Wald estimator for a fuzzy RDD design, we need to estimate both the
discontinuity in the probability of treatment receipt at the cut-point and the discontinuity in the
average value of the outcome at the cut-point. We estimate both using RDD models, and then
take their ratio.

Estimating the Discontinuity in Treatment Probability

Given that the two ratings have a bivariate normal distribution, the proportion of units assigned
to the treatment condition (T = 1) is a function of R1:

E(T|R1) =1— (1 — z1)P(T = 0|R1)
=1—(1-2z1)P(R2 = 0|R1)

11— <uz + p(R1 —ul))

v =p?)

(C.1)

where @ is the standard normal cumulative distribution function.
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Next let

F(RY) = P(R2 2 O|R1) = & (“22E1)) (€2)

and

_ (—#1) (C3)
0)=P(R2=0|R1=0 =¢<%).
£(0) = P(R2 = 0IR1 = 0) = & (L22£CL
Therefore, f(0) is the increase in the probability of receiving treatment as we cross the rating 1
threshold from the z1 = 0 region to the z1 = 1 region. We can now write (C.1) as follows:

E(TIR1) =1— (1 - z1)f(R1) (C.4)
=1-1-zD[f(0) + f(R1) — f(0)]
=1-1-zDf(0)+ A —-zD[f(RD) — f(0)]
=1-(1-zDf(0) - (1 —-zD[f(RD — f(0)].

We write E(T|R1) this way because we want to be able to estimate the parameter f(0), the
discontinuity in the probability of treatment assignment. Therefore, (1 — z1) is the instrument.
Next, let R1" = f(R1) — f(0). Then we can write the first-stage regression model as:

E(TIR1) =y, +v,(1 —2z1) +y,(1 — z1)RY1, (C.5)

such that y; = —f(0), y, =1, and y, = —1. In practice, unless we were certain of the
functional form, we would estimate the three parameters of this model. When we fit (C.5), 7, is
an estimator of the jump in the probability of receiving treatment at the rating 1 threshold.

These relationships in the first-stage model are illustrated in the plot in Figure C.1.
When R1 < 0, the probability of receiving treatment is 1 by design. In this case, in (C.5),
(1—-21) =0,s0 E(T|R1) =y, = 1. When R1 > 0, the probability of treatment depends on
P(R2 < 0]R1), by design. Now in (C.5), because y, = 1 and y, = —1, we have E(T|R1) =
1—-y,—R1'=1—y, —[f(R1) — f(0)] =1— f(R1) = P(R2 < 0|R1). Given the cor-
relation between R1 and R2, the probability of receiving treatment is greater for values of R1
closer to the rating 1 threshold. Finally, when R1 = 0, y; (equivalent to —f(0)) is the length of
the red line (the vertical segment at the cut-point between the intersections of the plotted curve).
It is the discontinuity in the probability of receiving treatment at the rating 1 threshold.
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Estimating the Discontinuity in Outcomes

Suppose the true data-generating surface response model is given by
Model 1: Y=ay+ a;T + a,R1 + azR2 + €. (C.6)

Recall that with the fuzzy IV method, we treat the analysis as if we are in the setting of
a single-rating RDD. Therefore, we want to model the conditional expectation of Y given R1,
which is given by

E(Y|R1) = ay + a,E(T|R1) + a,E(R1|R1) + a3E(R2|R1) + E(€|R1) (C.7
= ao + @ E(T|R1) + a,R1 + a3[u, + p(R1 — py)]
=6y, + 6,E(T|R1) + 6,R1.

We can then plug the first-stage model into (C.7) so that we have the reduced-form
equation given by

E(Y|R1) = 8y + 6,[1 + y,(1 — z1) + y,(1 — z1)R1'] + §,R1 (C.8)
= By + B1(1 — z1) + B,(1 — z1)R1' + B5R1.

When we fit (C.8), B,is an estimator of the difference in average outcomes at the rating 1
threshold. Therefore, the Wald estimator of Y417 is given by

DATF (Wald) = 22, (C9)
Y1
Note that PATF (Wald) is a consistent estimator of AT ¥, but is, like all IV estimators, subject
to finite sample bias.
Next, suppose that the true data-generating surface response model is given by:
Model 2: Y =ag+ a;T + a,R1 + azR2 + azR1? + azR2% + €. (C.10)
The conditional expectation of Y given R1 is given by

E(Y|RD) = ay + a,E(T|R1) + a,E(R1|R1) + a;E(R2|R1) + a,E(R1%|R1)
+ asE(R2%|R1) + E(e|R1)
=ay+ a, E(T|R1) + a,R1 + as[u, + p(R1 — uy)] + a,R1% + asE(R2?|R1)
=6, + 6,E(T|R1) + 8,R1 + §3R1? + §,h(R1),
(C.11)

where

h(R1) = E(R2%|R1,) = f X2T(R1, x)dx
= E(R2|R1)? + Var(R2|R1)
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2
= (u + p(R1— )" + (1 —p?)
= (4 — puy)* + (1 = p*) + 2p(u, — pus)R1 + p*R1%,
(C.12)

Plugging the first-stage model (C.5) and (C.11) into (C.12), the reduced-form model is then
given by

E(Y|R1) = &, + 6,E(T|R1) + 6,R1 + 63R1% + &,h(R1)
+84[(z — pp)? + (1 = p?) + 2p(u — puy)R1 + p?R1%]
= ,80 + ﬁl(l - Zl) + ﬂle + ﬁgRlZ + ﬁ4(1 - Zl)Rll.

(C.13)
We then fit (C.13) and compute the Wald estimator as par 7 (Wald) = %
Next, suppose that the true data-generating surface response model is instead given by
Model 3: Y=ay+a;T+a,R1+a3R2+ a,T-R1+ asT-R2 + €. (C.14)

Now, the conditional expectation of Y given R1 is given by

E(Y|R1) = ay + a,E(T|R1) + a,E(R1|R1) + a3 E(R2|R1) + a,E(T - R1|R1)
+ asE(T - R2|R1) + E(e|R1)
=ay + a,E(T|R1) + a,R1 + a3[u, + p(R1 — uy)] + a,R1E(T|R1)
+ aE(T - R2|R1)
= 8, + 8,E(T|R1) + 8,R1 + 8;R1E(T|R1) + 8,9(R1),
(C.15)

where

g(R1) = E(T - R2|R1)
=z1-E(R2|R1) + (1 —z1) - P(T = 1|R1) - E(R2|R1,R2 < 0)
=z1-E(R2|R1) + (1 —z1) - (1 — f(R1))
ta + p(R1 —py) — x) i

1 0
.1—f(R1)f_oox.¢< A=
0
=Zl[uz+p(R1—u1)]+(1—zl)J x-¢<

= 21[, + p(R1 — p)] + (1 — z1)g'(RD),

po + p(R1 —py) — x)
dx
1—p?

(C.16)

where g'(R1) = f_om x-¢ (%\/__;’:l)ﬂj dx. To obtain the reduced-form equation, we plug
(C.5) and (C.15) into (C.16), so we have
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E(Y|R1) = 8, + 8,[1 +y,(1 — 2z1) + y,(1 — z1)R1'] + 8,R1
+ 6;R1[1 +y,(1 —z1) +y,(1 — z1)R1']
+ 8417101y + p(R1— )] + (1 — 21)g' (RD)]
= By + B1(1 — z1) + BR1 + B5(1 — z1)R1 + B,(1 — z1)R1' + Bs(1 — z1)R1
‘R1" + Bs(1 — z1)g'(R).

(C.17)
We then fit (C.17) and compute the Wald estimator as above: P4l " (Wald) = %
1
Finally, suppose that the true data-generating surface response model is instead given by
Model 4: Y =ag+ a;T + ayR1 + azR2 + a,R1% + agR2? + a,TR1 + (C.18)

a;TR2 + agTR1% + agTR2? + €.
In this case, the conditional expectation of Y given R1 can be written as

E(Y|R1) = ay + a,E(T|R1) + a,E(R1|R1) + azE(R2|R1) + a,E(R12|R1)

+ agE(R2%|R1) + agE(T - R1|R1) + a,E(T - R2|R1) + axE(T - R1%|R1)
+ aoE(T - R22|R1) + E(€|R1)

=ay+ a,E(T|R1) + a,R1 + a3y, + p(R1 — uy)] + a,R1? + asE(R2?%|R1)
+ agR1E(T|R1) + a,E(T - R2|R1) + agR12E(T|R1) + a,E(T - R22|R1)

= 8y + 8,E(T|R1) + 6,R1 + 8,R12 + 8,E(R22|R1) + 8<R1E(T|R1)
+8,9(R1) + 8,R1E(T|R1) + 85G (R1)

=8y + (8, + 6sR1 + 8,R1D)[1 + ¥, (1 — 21) + 1, (1 — 21)R1'] + 6,R1
+85R12 + (8, + 8521) [ (1 + p(R1 = )" + (1 = p?)]
+ 86[z1[uy + p(R1 — py)] + (1 — z1)g"(R1)] + 65(1 — z1)g" (R1)

= Bo + B, (1 — z1) + B,R1 + BsR1% + B, (1 — z1)R1 + Bo(1 — z1)R12
+ Be(1 — z1)R1' + B,(1 — z1)R1 - R1' + Bg(1 — z1)R12 - R1’

+ Bo(1 —21)g"(R1) + B1o(1 — z1)g" (R1),
(C.19)
where g"'(R1) = f_ooo x%- ¢ (—”ﬁp(;i:gl)_x) dx.

We then fit (C.19) and compute the Wald estimator as above: P4l " (Wald) = %
1
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Frobability of treatment

Figure C.1

Relationship Between Probability of Treatment and Rating 1
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Appendix D

Domain or Bandwidth Selection






This appendix first describes how we implemented bandwidth selection for each of three
estimation methods (the frontier, fuzzy IV, and binding-score methods) and then presents
bandwidth selection results.

D.1 Bandwidth Selection Algorithms

Here we provide a step-by-step description of our bandwidth selection algorithm for each of the
three MRRDD estimation methods. For parsimony, we describe how these algorithms were
used to select an optimal bandwidth around the frontier for rating 1 (y517)." Following the
literature, we estimated local linear regression models on each side of the cut-point. For these
regressions we weighted all sample members within the bandwidth equally, rather than choos-
ing a more complex weighting function or kernel, which has not made much difference in
practice (Imbens and Lemieux, 2008a). Our bandwidth selection goal was to identify a band-
width that, given our choice of a linear functional form, provided the best possible estimator of
the mean treatment effect at a frontier. Since this treatment effect equals the difference between
the average outcomes at the frontiers with and without treatment, the optimal bandwidth is the
one that yields the best predictions of these two conditional averages. Below we provide a step-
by-step description of the bandwidth selection algorithm for each of the three MRRDD estima-
tion methods that were considered.

Bandwidth selection for the frontier method. The frontier method uses only those
sample points for which treatment assignment is fully determined by a single rating. For
example, when focusing on the R1 frontier, we only used sample points where R2 > c2.
Because we centered each rating on its cut-point value, this implies that we only used sample
points where R2 > 0.

1. The first step entailed determining candidate bandwidths, which were defined in
terms of their width (e.g., the interval of R1 that spans the bandwidth). For this pur-
pose we specified candidate bandwidths that represent the following vector of per-
centiles (P = (0.05,0.10, 0.15, 0.20, 0.30, 0.40, 0.50, 0.60, 0.75, 0.90)). The al-
gorithm then began by identifying the side of the frontier with the smaller number
of sample points and established candidate bandwidths on that side.” This process

'By reversing the roles of the two ratings, the same process can be used to select an optimal bandwidth
around the frontier for rating 2.

2 Assume, for example, that fewer sample points were on the left side of the R1 frontier than were on the
right side. In this case, the left side (R1 < 0 and R2 = 0) would be used to establish candidate bandwidths.
Now assume that that the Sth-percentile value of R1 on the left side of the frontier was —2. The corresponding
value on the right side of the cut-point would therefore be +2. Another strategy for defining candidate band-
widths (which we did not use) is to choose the Sth-percentile value of R1 on the left side of its cut-point and the
Sth-percentile value of R1 on the right side of its cut-point.
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was repeated to identify candidate bandwidths on the left and right sides of the cut-
point for each percentile.

2. The next step entailed identifying a “range” of criterion sample points near the fron-
tier, which were used to assess how well (in terms of mean squared error) a linear
model can predict points at or near the frontier. We set the range to include the 100
sample points that were closest to the frontier on the left and the 100 sample points
that were closest to the frontier on the right.

3. For all candidate bandwidths the algorithm proceeded as follows: On each side of
the cut-point 100 local linear regressions of the form Y; = ay + @, R1; + €; were
fit for each of the 100 sample points in the range.’ Next, for each point in the range
(for each of 200 regressions), a predicted value was computed given the estimated
linear model and the value of the rating for that sample point.

4. For each candidate bandwidth, the algorithm then computed the resulting mean
squared error (MSE) using the predicted and actual outcomes for the 200 sample
points in the range. The candidate bandwidth with the lowest MSE was selected as
the optimal bandwidth for a linear model. Note that this bandwidth was the same on
both sides of the cut-point.*

Bandwidth selection for the fuzzy IV method. The fuzzy IV method uses sample points
from all four quadrants to estimate average frontier-specific effects based on a first-stage model
and a reduced-form model. The first-stage model specifies receiving treatment offer (7) as a
function of rating 1 (R1) and an instrument (z1) that indicates assignment to treatment or the
control group according to the value of R1. The reduced-form model specifies an outcome
measure (Y) as a function of R1 and zI. It is therefore necessary to consider an optimal band-
width for both models. The first two steps of bandwidth selection (choosing candidate band-
widths and the range) were the same as those for the frontier method. Then for each candidate
bandwidth, the algorithm computed a separate MSE for the first-stage IV model and the
reduced-form IV model as described below.

1. For the first-stage IV model, the value of T was always equal to one on the left side
of the frontier because all sample members who scored below the rating 1 cut-point
were assigned to treatment. Consequently, bandwidth selection was only necessary

*For example, if the candidate bandwidth was two units wide, then on the left side of the cut-point, linear
regressions were fit using data for all sample points that were within two units to the left of each sample point
in the range on the left, and on the right side of the cut-point, linear regressions were fit using data for all
sample points that were within two units to the right of each sample point in the range on the right.

*Another option, which we did not explore, is to select a separate optimal bandwidth on each side of the
frontier.
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on the right side of the cut-point. On this side, a linear regression of the form
T; = yo +¥1R1; + u; was fit for each of the 100 sample points in the range. The
regression for each sample point in the range was fit using all sample points that
were within one candidate bandwidth to the right of it. The squared difference be-
tween the actual and predicted values of T for the sample points in the range was
then used to compute the first-stage MSE for each candidate bandwidth.

2. For the reduced-form IV model, just like the frontier method, the algorithm used da-
ta on both sides of the R1 cut-point, only here it considered the entire sample, not
just a partition of the sample. A local linear regression of the form Y; = oy +
a,R1; + €; was fit for each of the 100 sample points in the range on the left side of
the cut-point and each of the 100 sample points on the right side of the cut-point.
The difference between the actual and predicted values of Y for these 200 points
was used to compute the reduced-form MSE for each candidate bandwidth.

We compared the optimal bandwidths for the first-stage model and the reduced-form
model and chose the smaller of the two for estimating program effects. This made it possible to
estimate program effects using a common sample for both stages of IV estimation.’

Bandwidth selection for the binding-score method. Recall that the binding-score
method devolves to a single-rating RDD, with the value of each sample member’s single rating
set equal to the minimum value of its multiple ratings. This made it possible to include all
sample members in the analysis. Thus bandwidth selection for the binding-score method was
the same as that for the frontier method except that the binding-score method used data for the
full study sample. To do so we fit a model of the following form on both sites of the cut-point:
Y; = ay + a; min(R1;,R2;) + €; as the basis for determining the MSE of candidate band-
widths.

D.2 Bandwidth Selection Results

Figures D.1 and D.2 depict bandwidth selection results. The three plots in Figure D.1 illus-
trate findings for the three correlations between R1 and R2, and the three plots in Figure D.2
illustrate findings for the three combinations of cut-points for R1 and R2. Each plot presents
results for Models 1-4. Findings for Models 1 and 2 (homogeneous treatment effects) are
reported for the frontier method, the fuzzy IV method, and the binding-score method. Find-
ings for Models 3 and 4 (heterogeneous treatment effects) are not reported for the binding-

’It is possible to estimate the two stages of the IV model with different samples, but we did not explore
this option.
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score method. The figures report findings for estimating Y4:; corresponding findings for

PA1F tell a similar story.

For each combination of model specification, estimation method, and correlation or cut-
point of the ratings, the figures report a bar that depicts the percentage of selection of each
candidate bandwidth across the 500 simulated samples. Bandwidths are ordered from the largest
(top of each bar) to the smallest (bottom of each bar). The selection percentage for the smallest
bandwidth (5th percentile) is shaded in white, and selection percentages for increasingly larger
bandwidths are gradually shaded more darkly, with the largest bandwidth (90th percentile)
shaded in black. Therefore, predominantly light bars point to the frequent selection of small
bandwidths while predominantly dark bars indicate that large bandwidths were selected more
frequently.

The first bar in each plot in Figures D.1 and D.2 is for the frontier method. When the
data-generating models are linear in rating 1 (Models 1 and 3), these plots indicate that a large
bandwidth is chosen more frequently. This is because a local linear regression matches the
functional form of these data-generating models relatively well.® When the data-generating
models are nonlinear (Models 2 and 4) small bandwidths are chosen more frequently than linear
models. This is because the algorithm begins to omit the sample points that are farthest from the
frontier as it searches for the bandwidth for which a linear approximation is as good as possible,
without sacrificing too much precision.

The second bar in each plot in Figures D.1 and D.2 is for the fuzzy IV method. These
bandwidths are defined as the smaller of the two bandwidths for the first-stage and reduced-
form IV models. We see that for all models, smaller bandwidths were chosen more frequently
for the fuzzy IV method than for the other two methods. This might occur because the first-
stage model of the IV method requires smaller bandwidths than the other methods or because
the fuzzy IV method chooses the smaller of two bandwidths and thus has two shots at getting a
small bandwidth. Nonetheless, optimal bandwidths varied substantially for the fuzzy IV
method.

The third bar in each plot in Figures D.1 and D.2 (for Models 1 and 2 only) presents
bandwidth selection results for the binding-score method. These plots indicate that a linear
approximation of the relationship between sample members’ outcomes and binding scores is a
good one for the linear data-generating Model 1. Thus large bandwidths were chosen fre-

Note that the fact that the underlying data-generating model is linear in R1 does not imply that
E(Y|R1,R2 = 0) is linear, because the latter depends on the joint distribution of R1 and R2 in the region
where R2 > 0. It is possible to construct other data-generating models where Y is linear in R1 but where the
function f(R1) = E(Y|R1,R2 = 0) is highly nonlinear in R1.
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quently for this model. Large bandwidths were selected less frequently for Model 2, which is
quadratic in R1.

Overall we see that a wide range of bandwidths are selected for all of the data-
generating models and for each of estimation methods. However, larger bandwidths tend to be
selected more frequently when the data are generated by a linear model, and the fuzzy IV
method tends to use bandwidths that are smaller than those for the other two methods. Finally,
very small bandwidths are rarely selected. This suggests that moderate to large bandwidths can
reasonably approximate even nonlinear data-generating models.
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Figure D.1

Bandwidth Selection Results When Using Local Linear Regression,
by Correlation Between Ratings, All Data-Generating Models

cor(R1,R2)=0.2, cuts=50/50

Frontier FuzzyIlV Binding Frontier FuzzyIV Binding Frontier FuzzylV Binding Frontier FuzzyIV Binding
| Model 1 | Model 2 I Model 3 | Model 4 |

Bandwidth Ooo0os oot o015 O02 @03 @04 EMO05 MO6 WMOFs moOs

(continued)
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Figure D.1 (continued)

cor(R1,R2)=0.5, cuts=50/50

Frontier FuzzylV Binding Frontier FuzzyIV Binding Frontier FuzzylV Binding Frontier FuzzyIV Binding
| Model 1 | Model 2 | Model 3 | Model 4 |

Bandwidth oo O01 O015 Oo02 B0 @04 MO5 MO6 MO7sS WOY

(continued)
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Figure D.1 (continued)

cor(R1,R2)=0.9, cuts=50/50

Frontier FuzzyIlV Binding Frontier FuzzylV Binding Frontier FuzzyIlV Binding Frontier FuzzyIV Binding
| Model 1 | Model 2 I Model 3 | Model 4 |

Bandwidth oo O01 o015 Oo2 @03 @04 MO5 mO6 MO7s WOS

NOTE: For 500 samples of size 5,000.
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Figure D.2

Bandwidth Selection Results When Using Local Linear Regression,
by Location of Cut-Points in Ratings, All Data-Generating Models

cor(R1,R2)=0.2, cuts=50/50

Frontier FuzzyIlV Binding Frontier FuzzyIV Binding Frontier FuzzyIlV Binding Frontier FuzzyIlV Binding
| Model 1 I Model 2 | Model 3 | Model 4 |

Bandwidth o0 Ooo01 O015 O02 @03 @04 WMO5 MO6 M O7VsS MO9S

(continued)
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Figure D.2 (continued)

cor(R1,R2)=0.2, cuts=30/30

Frontier FuzzylV Binding Frontier FuzzyIV Binding Frontier FuzzyIlV Binding Frontier FuzzylV Binding
| Model 1 I Model 2 | Model 3 | Model 4 |

Bandwidth o0 O01 O01 Oo02 @03 @04 MO5 mMOE BMOVS MO8

(continued)

76



Figure D.2 (continued)

cor(R1,R2)=0.2, cuts=30/70

il

Frontier FuzzylV Binding Frontier FuzzyIV Binding Frontier FuzzyIlV Binding Frontier FuzzylV Binding
| Model 1 Model 2 Model 3 | Model 4 |

Bandwidth o0 O01 O015 Oo02 03 @04 @MO5 mMO6 WOV WOS

NOTE: For 500 samples of size 5,000.
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Appendix E

Simulation Results When Using
Local Linear Regression, Not Including
Other Rating as a Covariate






Simulation Results When Using Local Linear Regression,

Table E.1

Not Including Other Rating as a Covariate, Data-Generating Model 1

Mean
~ .. Estimate Relative Relative
Cuts/p Parameter Method E(®) Bias Var(¥) ofVar(y)) Var®* MSE MSE"
Correlation between ratings varying, cut-points held constant

Frontier  0.403 0.003 0.025 0.015 1.000 0.025 1.000

lpATF — 0400 FuzzyIV 0.420 0.020 0.157 0.106 6.253 0.157 6.266

p=0.20 R1 Binding  0.399 -0.001 0.022 0.011 0.865 0.022 0.864
cutl =0.50

cut? = 0.50 Frontier  0.401 0.001 0.016 0.012 1.000 0.016 1.000

l/)ATF _ o400 FuzzylV 0391 -0.009 0.095 0.061 5.893 0.095 5.898

R2 ' Binding  0.399 -0.001 0.022 0.011 1.348 0.022 1.348

Frontier  0.399 -0.001 0.031 0.017 1.000 0.031 1.000

lpATF — 0400 FuzzyIV 0424 0.024 0.145 0.111 4.660 0.146 4.678

p=0.50 R1 Binding  0.396 -0.004 0.017 0.010 0.542 0.017 0.542
cutl =0.50

cut? = 0.50 Frontier  0.389 -0.011 0.021 0.013  1.000 0.021 1.000

l/)ATF _ 0400 FuzzyIV 0400 0.000 0.099 0.073  4.740 0.099 4.711

R2 ' Binding  0.396 -0.004 0.017 0.010 0.807 0.017 0.803

Frontier  0.401 0.001 0.032 0.023 1.000 0.032 1.000

wATF — 0400 FuzzyIV 0423 0.023 0.141 0.126 4.422 0.141 4.438

p=0.90 R1 ‘ Bindin 0.400 0.000 0.017 0.009 0.536 0.017 0.536

g

cutl =0.50

cut2 = 0.50 Frontier ~ 0.399 -0.001 0.032 0.021  1.000 0.032 1.000

l/JATF _ 0400 FuzzyIV 0401 0.001 0.129 0.109 4.024 0.129 4.024

R2 ' Bindin 0.400 0.000 0.017 0.009 0.532 0.017 0.532

g
Cut-points varying, correlation between ratings held constant
p rying g

ATF Frontier  0.394 -0.006 0.018 0.015 1.000 0.0I18 1.000

Y py = 0400 FuzzyIV 0417 0.017 0.127 0.082  6.906 0.128  6.905

p=0.20 Binding  0.399 -0.001 0.016 0.010 0.865 0.016 0.863
cutl =0.30

cut2 = 0.30 Frontier ~ 0.409 0.009 0.021 0.013  1.000 0.022 1.000

¢ATF = 0400 FuzzyIV 0410 0.010 0.067 0.055 3.114 0.067 3.108

R2 Binding  0.399 -0.001 0.016 0.010 0.744 0.016 0.741

AT Frontier  0.399 -0.001 0.038 0.028 1.000 0.038 1.000

P =0400 FuzzyIV 0.561 0.161 6.533 1.252 172.072 6.559 172.750

p=0.20 R1 Binding  0.394 -0.006  0.018 0.012 0465 0.018 0.466
cutl =0.30

U2 =070 47F Frontier ~ 0.398 -0.002 0.019 0.012  1.000 0.019 1.000

=0.400 FuzzyIV 0.391 -0.009 0.048 0.040 2.519 0.048 2.523

R2 Binding  0.394 -0.006 0.018 0.012  0.933 0.018 0.935

NOTES: For 500 samples of size 5,000.

Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.

aRelative variance and relative MSE for given estimation method divided by the variance or MSE
of the frontier estimation method.

81



Simulation Results When Using Local Linear Regression,

Table E.2

Not Including Other Rating as a Covariate, Data-Generating Model 2

Mean
R . Estimate Relative Relative
Cuts/p Parameter Method E(¥) Bias  Var(¥) of Var(}) var® MSE MSE®
Correlation between ratings varying, cut-points held constant

Frontier  0.383 -0.017 0.116 0.085 1.000 0.117 1.000

l/)ATF — 0400 FuzzyIV 0.294 -0.106 ** 0.288 0.241 2476 0300 2.567

p=10.20 R1 Binding  0.375 -0.025 0.132 0.086 1.135 0.133  1.137
cutl =0.50

cut2 = 0.50 Frontier ~ 0.399 -0.001 0.219 0.141  1.000 0.219  1.000

szTF _ o400 FuzzyIV 0276 -0.124 ** 0.770 0.455 3.517 0.786  3.588

R2 Binding  0.375 -0.025 0.132 0.086  0.603 0.133  0.606

Frontier  0.415 0.015 0.084 0.069 1.000 0.084 1.000

l/)ATF — 0400 FuzzyIV 0330 -0.070 ** 0.224 0.194 2.674 0229 2.726

p=10.50 R1 Binding  0.370 -0.030 *  0.095 0.065 1.135 0.096 1.143
cutl =0.50

cut2 = 0.50 Frontier ~ 0.375 -0.025 0.167 0.109  1.000 0.167  1.000

szTF _ o400 FuzzyIV 0290 -0.110 **  0.440 0.376  2.638 0.452  2.700

R2 Binding  0.370 -0.030 *  0.095 0.065 0.571 0.096 0.574

Frontier  0.417 0.017 0.042 0.035 1.000 0.043 1.000

l/)ATF _ 0400 FuzzyIV 0376 -0.024 0.136 0.137  3.230 0.137  3.220

p=10.90 R1 Binding  0.401 0.001 0.028 0.021  0.673 0.028  0.668
cutl =0.50

cut2 = 0.50 Frontier ~ 0.431 0.031 ** 0.046 0.036  1.000 0.047  1.000

¢ATF _ o400 FuzzylV 0387 -0.013 0.230 0.151  4.980 0.230  4.880

R2 Binding  0.401 0.001 0.028 0.021 0.617 0.028  0.604

Cut-points varying, correlation between ratings held constant

ATF Frontier  0.408 0.008 0.127 0.110 1.000 0.127  1.000

Y p = 0400 Fuzzy IV 0335 -0.065 0.272 0236 2.146 0276 2.178

p=10.20 Binding  0.393 -0.007 0.175 0.108 1380 0.175 1.379
cutl =0.30

w2 =030  rp Frontier ~ 0.365 -0.035 0.343 0.207  1.000 0.344  1.000

Y " = 0400 FuzzyIV 0338 -0.062 0.819 0.535 2.391 0.823 2.393

R2 Binding  0.393 -0.007 0.175  0.108 0.509 0.175  0.508

Frontier  0.403 0.003 0.112 0.105 1.000 0.112  1.000

¢ATF = 0400 FuzzyIV 0256 -0.144 ** 1437 1.589 12.844 1.457 13.027

p=0.20 R1 Binding  0.399 -0.001 0.273 0.179 2.438 0.273  2.437
cutl =0.30

2 =070  arr Frontier ~ 0.405 0.005 0.333 0.216  1.000 0.333  1.000

Y =0400 FuzzyIV 0.358 -0.042 0.660 0.520 1.982 0.662  1.987

R2 Binding  0.399 -0.001 0.273 0.179  0.819 0.273  0.819

NOTES: For 500 samples of size 5,000.

Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance or MSE of
the frontier estimation method.
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Table E.3

Simulation Results When Using Local Linear Regression,
Not Including Other Rating as a Covariate, Data-Generating Model 3

Mean
~ _ Estimate Relative Relative
Cuts/p Parameter Method E(W)  Bias Var(}) of Var())  Var* MSE MSE'

Correlation between ratings varying, cut-points held constant

Frontier 0248 0.004  0.023  0.014  1.000 0.023  1.000
WA _ 0244 FuzzyIV 0260 0016 0109 0085 4826 0.110 4.835

p=0.20 R1 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier ~ 0.331 0.009  0.018  0.012  1.000 0.018  1.000

1/)ATFz 037y FuzzyIV 0327 0.006 0079 0062 4525 0.079  4.506

R2 Binding NA NA NA NA NA NA NA

Frontier 0272 0.010  0.026 _ 0.015 _ 1.000 0.026  1.000
WA TF 0262 FuzzyIV 0270 0.008 0118 0085 4504 0.118 4.489

p=0.50 R1 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier ~ 0.332 0.002  0.018  0.012  1.000 0.018  1.000

¢ATF _ 0337 FuzzylV 0355 0.025 0.097  0.065 5364 0.097 5.397

R2 Binding NA NA NA NA NA NA NA

Frontier  0.330 -0.001 0.028  0.022 _ 1.000 0.028 1.000

l/)ATF=033O Fuzzy IV 0.336 0.006  0.113 0.111  4.042 0.113  4.044

p=0.90 R1 7 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier ~ 0.376 0.011 0.027  0.021  1.000 0.027  1.000

¢ATF20365 Fuzzy IV 0.359 -0.006  0.112  0.112  4.157 0.112  4.141

R2 Binding NA NA NA NA NA NA NA

Cut-points varying, correlation between ratings held constant

ATF Frontier  0.203 -0.007 __ 0.026 __ 0.014 _ 1.000 0.026 _ 1.000

Y =0209 FuzzyIV 0.205 -0.005 0.113 0.071  4.430 0.113  4.423

p=0.20 k1 Binding ~ NA NA NA NA NA NA  NA
cutl =0.30

2 =030 4rp Frontier ~ 0.304 0.000  0.020  0.012  1.000 0.020  1.000

P =0304 FuzzyIV 0.293 -0.011 0.057 0.044 2.780 0.057 2.786

R2 Binding NA NA NA NA NA NA NA

Frontier  0.279 -0.002 __ 0.034 _ 0.026 __ 1.000 0.034  1.000

¢ATF=0,281 Fuzzy IV 0.233 -0.048 8.553 2312 249.174 8.556 249.199

p=0.20 R1 Binding NA NA NA NA NA NA NA

cutl = 0.30 _
w2 =070 475 Frontier ~ 0.292 -0.002  0.020  0.011  1.000 0.020  1.000

W 20204 FuzzyIV 0294 0.000  0.057  0.040 2794 0.057 2.794
Rz Binding NA NA NA NA NA NA  NA

NOTES: For 500 samples of size 5,000.

Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.

aRelative variance and relative MSE for given estimation method divided by the variance or MSE of
the frontier estimation method.

83



Simulation Results When Using Local Linear Regression,

Table E.4

Not Including Other Rating as a Covariate, Data-Generating Model 4

Mean
Estimate Relative Relative
Cuts/p Parameter Method E(¥) Bias Var()) ofVar(y)) Var' MSE MSE’
Correlation between ratings varying, cut-points held constant

Frontier  0.152 -0.014 0.116 0.083 1.000 0.117  1.000

l/)ATF — 0167 FuzzyIV 0.109 -0.057 * 0.257 0.219  2.203 0.260 2.227

p=10.20 R1 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier ~ 0.238 -0.008 0.181 0.127  1.000 0.181  1.000

wATF — o245 FuzzyIV  0.182 -0.063 0.586 0.486 3.241 0.590 3.261

R2 ' Binding NA NA NA NA NA NA NA

Frontier  0.209 0.007 0.086 0.067 1.000 0.086  1.000

l/)ATF — 0201 FuzzylV 0.119 -0.083 ** 0.218 0.179  2.523 0.225 2.603

p=10.50 R1 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier  0.259 -0.011 0.142 0.103  1.000 0.142  1.000

wATF —op71 FuzzyIV 0219 -0.052 0.497 0.378 3.500 0.500 3.515

R2 ' Binding NA NA NA NA NA NA NA

Frontier  0.340 0.025 **  0.047 0.035 1.000 0.048 1.000

l/)ATF — 0315 FuzzyIV 0318 0.003 0.128 0.127 2.719 0.128  2.683

p=10.90 R1 Binding NA NA NA NA NA NA NA
cutl =0.50

cut2 = 0.50 Frontier  0.356 0.006 0.046 0.039 1.000 0.046  1.000

lpATF — 0350 FuzzylV 0311 -0.039 * 0.158 0.148 3.402 0.159 3.431

R2 ' Binding NA NA NA NA NA NA NA

Cut-points varying, correlation between ratings held constant

ATF Frontier  0.104 0.004 0.143 0.099 1.000 0.144  1.000

P Rl =0.100 Fuzzy IV 0.069 -0.031 0.341 0.247 2.376 0.342  2.383

p=10.20 Binding NA NA NA NA NA NA NA
cutl =0.30

cu2=030 47p Frontier ~ 0.238 0.042 0.261 0.184 1.000 0.262  1.000

Y =0.196 FuzzyIV 0.128 -0.068 * 0.532 0.452 2.041 0.537 2.045

R2 Binding NA NA NA NA NA NA NA

rontier  0.261 0.025 0.154 0.107  1.000 0.155  1.000

wATF=0_235 Fuzzy IV 0.259 0.024 1.406 1.243  9.130 1.406 9.096

p=10.20 R1 Binding NA NA NA NA NA NA NA
cutl =0.30

2 =070 Frontier  0.160 -0.004 0.306 0.204 1.000 0.306  1.000

P =0.164 FuzzyIV 0.103 -0.061 0.675 0.535 2.205 0.679 2.217

R2 Binding  NA NA NA NA NA NA NA

NOTES: For 500 samples of size 5,000.
Statistical significance levels are indicated as follows: ** = 1 percent; * = 5 percent.
aRelative variance and relative MSE for given estimation method divided by the variance or MSE of

the frontier estimation method.
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how and why the program’s effects occur. In addition, it tries to place each project’s findings in
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as and target populations. Once known primarily for evaluations of state welfare-to-work pro-
grams, today MDRC is also studying public school reforms, employment programs for ex-
offenders and people with disabilities, and programs to help low-income students succeed in
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e Promoting Family Well-Being and Children’s Development

e Improving Public Education
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e Supporting Low-Wage Workers and Communities
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ments, public school systems, community organizations, and numerous private philanthropies.
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